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Abstract: We present a detailed study of D-brane superpotentials depending on several 
open and closed-string deformations. The relative cohomology group associated with the 
brane defines a generalized hyper geometric GKZ system which determines the off-shell 
superpotential and its analytic properties under deformation. Explicit expressions for the 
N = 1 superpotential for families of type II/F-theory compactifications are obtained for 
a list of multi-parameter examples. Using the Hodge theoretic approach to open-string 
mirror symmetry, we obtain new predictions for integral disc invariants in the A model 
instanton expansion. We study the behavior of the brane vacua under extremal transitions 
between different Calabi-Yau spaces and observe that the web of Calabi-Yau vacua remains 
connected for a particular class of branes. 
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1. Introduction 



String backgrounds with mirror symmetry offer some of the rare occasions, where quantita- 
tive non-perturbative data on semi-reaUstic string theory compactifications can be obtained 
exphcitly. An important example are N = 1 super symmetric compactifications of type II 
strings on Calabi-Yau threefolds with branes, sometimes related to an F-theory compacti- 
fication on a Calabi-Yau fourfold. The application of open-string mirror symmetry to this 
case has been pioneered in refs. fl], |2|, |3| and in particular in ref. 0], where the authors 
defined a large class of mirror pairs of brane geometries and obtained the first prediction 
for Ooguri-Vafa invariants Q in non-compact geometries from a B-model computation. 

Motivated and guided by the results of ref. Q , a Hodge theoretic approach to the com- 
putation of D-brane superpotentials and open-string mirror symmetry was put forward in 
refs. |6|, 0. It was argued, that the periods on the relative cohomology group associated 
with a -B-type brane determine the superpotential as the solution of a GKZ generalized 
hypergeometric system and that the Hodge filtration defines the mirror map and the po- 
tentials for the A model instantons, much as in the case of closed-string mirror symmetry 
treated in refs. |lO|, 11 1. The Hodge theoretic framework applies also to compact 

geometries. In refs. |12, 14 1 the first results on compact manifolds were obtained by 
computing the dependence of the superpotential on closed-string deformations for rigid 
branes from so-called normal functions. The case with open-string deformations has been 
solved in refs. |15, 16, 17] in the relative cohomology framework. Since the open-string 
degrees of freedom are frozen at a critical value in the first formalism, while the superpo- 
tential still depends on open-string deformations away from a critical value in the second 
formalism, we refer to the two cases as on- and off-shell approaches, respectively. 

The off-shell superpotential for the i3-type brane geometry on the threefold is often 
related to the GVW flux superpotential [18| for an M/F-theory compactifications on a dual 
Calabi-Yau fourfold X4 by an open-closed duality [19, 16, 20 1. The GVW superpotential 
on the fourfold can be computed from the integral fourfold periods by standard meth- 
ods |21, 22, 23, 24] and it agrees with the brane superpotential on the threefold at lowest 



order in Qs |16, 17, 



26l. The full F-theory superpotential computes 0{gs), 0{e 
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corrections to the superpotential of the local brane geometry [27| and captures the superpo- 
tential of dual type II and heterotic compactifications on generalized Calabi-Yau manifolds 



|28|, g9 



The continuous brane deformations test off-shell directions of the superpotential in 
the open-string direction away from the critical point. Depending on the behavior of 
the superpotential near the critical locus this leads to two qualitatively different types of 
instanton expansions in the mirror A-model. Generically, the open-string deformations are 
obstructed classically and should be integrated out. Freezing the open-string parameters 
one obtains an instanton expansion of the critical superpotential in the closed-string moduli 
only, which leads to the modified disc invariants defined in refs. [12, 14 [. The other case is a 
critical locus with almost fiat directions also in the open-string direction, where the A model 
potential has an instanton expansion in closed- and open-string deformation parameters. 
This led to the first B model predictions for genuine Ooguri-Vafa invariants in compact 
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brane geometries in refs. [16, 30, 17 1, generalizing the familiar large volume expansion of 
the closed-string mirror symmetry to the open-string sector. 

For compact geometries, the predictions on off-shell superpotentials and invariants 
obtained from the generalized GKZ systems for relative cohomology pass some non-trivial 
consistency checks, but await for a verification by independent methods.^ In this note we 
further test the Hodge theoretic approach in the more general situation of compact brane 
geometries with several deformations, near the critical points of the first, generic type. 
Explicit expressions for the A/" = 1 superpotential for brane compactifications on Calabi- 
Yau threefolds and related F-theory compactification on Calabi-Yau fourfolds are obtained 
for these examples. Particular emphasis is given to the relation of the off-shell approach 
of refs. |l^, |l^] and the on-shell computations of refs. [12, 13]. Specifically the multi- 
parameter examples studied below lead, at the critical locus, to a class of Picard-Fuchs 
equations with complicated inhomogeneous pieces given by hypergeometric series with 
special properties. Applying the mirror map to these examples we obtain new predictions 
for integral disc invariants on the A model side. 

The multi-parameter models allow us to study the fate of the domain walls under ex- 
tremal transitions between closed-string compactifications on different manifolds, which are 
believed to connect the web of = 2 vacua represented by different Calabi-Yau manifolds 
[36, It is an interesting question to what extent the M = 2 web remains connected 
after adding D-branes. This was already studied in ref. [35[ in one example. We find 
that for extremal transitions through points of enhanced non-Abelian gauge symmetries, 
the two vacuum branches stay connected for a particular set of domain walls and there is 
an interesting physical and group theoretic structure. If G denotes the non-perturbative 
gauge group, the domain walls fall into representations of the Weyl group, with the disc 
invariants of the domain walls mapping to each other under the group action. At the locus 
of gauge symmetry enhancement, the domain wall tensions in non-trivial representations 
degenerate, which implies the existence of tensionless domain walls at this point. 

The organization of this note is as follows. In sect. ^ we outline the Hodge theoretic 
approach to the computation of type II and F-theory superpotentials and describe how the 
off-shell approach based on families of relative cohomology groups reduces at the critical 



points to the formalism of normal functions studied in refs. [^, 13 [. The crucial link is 
provided by a subset of the period integrals defined by the relative cohomology group. 
These determine the critical set as the vanishing locus of a certain period vector and 
induce an inhomogeneous term in the Picard-Fuchs equations upon restriction to the critical 
point. We describe the generalized GKZ type systems that annihilate the type II/F-theory 
superpotential for brane geometries in toric hyper surf aces. In sect. ^ we turn to a detailed 
study of critical points of the massive type for a number of brane geometries with several 
parameters. We compute the type II/F-theory superpotential and disc invariants for these 
vacua and study the fate of the domain walls through extremal transitions to other Calabi- 
Yau manifolds. In sect. ^ we present our conclusions. Finally in app. ^ we collect some 
additional material, which supplements the analysis of the main text. Here we give a 

^See ref. for recent progress from matrix factorizations. 

^See also refs. ^ for further examples and discussions. 



-3- 



description of the studied threefolds and fourfolds for type II/F-theory compactifications 
as toric hyper surf aces. We also study local limits of the compact Calabi-Yau manifolds in 
the examples. For these local geometries, which can be associated to elliptic curves, we 
extract disc invariants. These invariants are related to a subset of disc invariants of the 
corresponding compact Calabi-Yau manifolds. 



2. Relative cohomology, generalized GKZ systems and superpotentials 
2.1 Brane and flux superpotentials in type II and F-theory 

In this note we study the N = 1 superpotential W of S-type D-branes wrapped on even- 
dimensional cycles of a Calabi-Yau threefold X and, by open-string mirror symmetry, the 
superpotential of the A brane geometry related to it. The B model compactification will 
also be related to an F-theory compactification on a dual Calabi-Yau fourfold X4. In the 
Hodge theoretic approach of refs. @, |l5|, 1£, 17|, the superpotential W of these theories 



is derived from the period integrals n(z, z) on the relative cohomology groups defined by 
the branes, schematically 

n(z, Z) = W{C) - W{C,) = Wbraneiz, z) , (2.1) 

where {z, z) are certain local coordinates on the open-closed deformation space M specified 
below, ^ C is a 2-cycle in X wrapped by the D-brane and C* is a reference cycle in the same 
homology class, [C*] = [C]. The above expression is equal to the tension of a domain wall 
interpolating between the configurations obtained by wrapping the D-brane either on C or 
on . The relative periods also capture the 3- form fiux superpotential Wfiux = Jx^ 



of refs. I IS, leading to a unified expression of the four-dimensional superpotential in 



terms of a general linear combination of all relative period integrals [y, 0] : 

Wm=i{z, Z) = ^K^U^{Z, Z) = y^fluxiz) + Wbraneiz, Z) , (2.2) 

The coefficients iV^ are determined by the topological charges of the brane and flux back- 
ground. Solving the vacuum condition ^VVV=i = in the open-string direction gives 
the on- shell (in the open-string direction) superpotential W{z) as a function of the closed 
string moduli and the topological data iV^- 

To write the off-shell superpotential W(C) on a deformation space A^, one needs to 
specify extra data, in particular a concrete parametrization for the off-shell configurations. 
The off-shell deformation space for a brane on C is generically infinite dimensional, with 
most of the deformations representing heavy fields in space-time that should be integrated 
out. To define a suitable finite dimensional space M with obstruction potential W one 
therefore needs to choose an appropriate set of 'light' fields and integrate out infinitely 
many others, as is familiar in the effective action approach. The result at the critical locus 
is independent of the parametrization of the off-shell directions, but the off-shell values 
depend, in a well-defined way, on the parametrization. 



^The letters z and z are reserved for closed- and open-string deformations, respectively. 
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Generically, there are many consistent choices for the set of hght fields, corresponding 
to local coordinate patches of the off-shell deformation space of different dimension and 
range of validity. Each choice of parametrization corresponds to a slightly different formu- 
lation as a relative cohomology problem. A preferred class of parametrizations favoured 
equally well by mathematics and physics arises from the following construction motivated 
by duality to M/F-theory. Embed C into a 4-cycle D and define M as the unobstructed 
deformation space of a holomorphic family V of such 4-cycles. Adding a D-brane charge 
on C C H2{D) induces a superpotential >V(C) on M. ^. Physicswise this can be 
viewed as perturbing the true moduli space Ai of an F-theory compactification with an 
unobstructed family of D-branes wrapped on the 4-cycles D by adding a D-brane charge 
on a 2-cycle C in D |17, 20|. It was already observed in refs. 0, |l^, 16 1, that this class 



of parametrizations is the one preferred by the topological open-closed string theory, as it 
leads to flat coordinates on the open-closed deformation space which are in agreement 
with the expectations from the chiral ring in the topological string theory. Moreover the 
Hodge theoretic definition of the open-string mirror map obtained in this way yields con- 
sistent results for the A model disc invariants, in agreement with localization computations 
in the A model, if available. Mathematically, this class of parametrizations derives directly 
from the on-shell meaning of the superpotential as an Abel-Jacobi invariant measuring 
rational equivalence of the cycles C and C*, as explained in sect. 2.1 below. 

The perturbation idea becomes obvious in the framework of the dual M/F-theory com- 



pactification on a related fourfold X4, which geometrizes the branes to flux [|19|, 16, |20|]. In 
this context, M maps to the unobstructed complex structure moduli space Mcsi^'i) of 
the fourfold X4, which is the vacuum space of topological strings in the type II A compact- 
ification on X4, and open-closed mirror symmetry maps to closed-string mirror symmetry 
for fourfolds. Adding a 4- form flux G induces the Gukov-Vafa-Witten superpotential |18| 



on the moduli space Mcsi^A)^ and this is the dual description of the off-shell deformation 
space M of the brane geometry and the obstruction superpotential W(C) on it. More pre- 
cisely, the F-theory superpotential^ on X4 computes Qs corrections to the superpotential 
W(C) as captured by the relation [|^, 27| 

yVGVw{Xi)= j GAJ^(^'O) = J^A^s(G) n(z,z) + 0(5,) + 0(e-i/^'=), (2.3) 

where the leading term on the right hand side is the result (^^) for the i?-type branes 
on the threefold with the linear combination of relative periods determined by the flux G 
on the fourfold. We will only consider the leading term in gs in this paper, which can be 
computed from the integral periods of a certain non-compact limit x\ of X4, related to the 
threefold X by the open-closed duality |l^, 20 1. The details of the compactification X4 



of X\ affect only the higher terms in Qs and can be computed similarly |27]] . More details 
and many examples on the computation of the fourfold superpotential from the geometric 



period integrals can be found in refs. [22, 24|. 



*See ref. for the discussion from the M-theory perspective. 
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2.2 Relative periods and domain wall tensions 

As alluded to above, a preferred parametrization adapted to topological string states and 
open-string mirror symmetry is to parametrize the off-shell deformations of the D-brane 
on a 2-cycle C by the deformations of a holomorphic family of 4-cycles V that embed 
C E H2{D). The relative periods capturing the superpotential for the brane on C are 
obtained by restriction to the subspace H-i{X,C) C Hs{X,D). Mathematically, this class 
of parametrizations derives directly from the concept of rational equivalence and the on- 
shell meaning of the superpotential as an Abel-Jacobi invariant, as will be discussed now.^ 

To this end, consider a Calabi-Yau threefold Xq together with an ample divisor Dq. We 
assume that H^'^{Xo) = H^'^{Xq) = 0, such that the complex structure deformations of the 
pair (Xq, -Do) are unobstructed. Then this pair (Xq, Dq) extends to a family of Calabi-Yau 
threefolds together with a family of ample divisors vr : (^Y, P) — )• A fibered over the disc A, 
which parametrizes a local patch of the combined moduli space A4 of the family obtained by 
deforming the central fiber 7r~^(0) = (Xq^Dq). is a fibration M. ^ M. ^ -M-CS-, where 
the base Mcs corresponds to complex structure deformations z of the family of Calabi- 
Yau threefolds X, while the fiber Ai, parametrized by the coordinates z, corresponds to 
the deformations of the family of divisors T). In string theory, the former arise in the 
closed-string sector and the latter in the open-string sector. 

Since the holomorphic three form Vt[z) of the Calabi-Yau threefold Xz vanishes on 
the divisor D(^z,z)j the three form i~l{z), which is an element of H^{Xz), lifts to an element 
^{z,z) of the relative cohomology group H^{Xz, D(^z,z))- We define the integral relative 
periods as^ 

n(r;z,z) = / n{z,z) , (2.4) 

where ^(z,z) is an integral relative cycle in H^{Xz.,D(^z,z)-,'^) whose boundary dT_i^z,z) is 
trivial as a class in H2{X,'L). For concreteness we often assume that the boundary is the 
difference ^F^^^^) = C(+ - C^; of two 2-cycles in H2{Dz,z) with [C^+^-j] = [C'^z z)\ i"^ 
H2{Xz,'L). 

Following the fundamental works it was proposed in refs. |^, 0, |l5| that the 

relative period ( p.4| ) defines the off-shell tension T{z, z) of a physical D-brane wrapped 
on the chain £(^^2), that is T{z^z) = iKFi-z, i). This D-brane represents a domain wall 
interpolating between the two configurations obtained by wrapping a D-brane on Ct ~s or 
on and its tension measures the difference of the value of the superpotentials for the 

two D-brane configurations 

r(.,f) = >V(C+,))-W(C(-,)). (2.5) 

The vacuum condition in the open-string direction is -^'W{C^)\z=Zcrit ~ *-* and it holds if 
:= C^^ . .^^ is a holomorphic curve [^]. Imposing this condition on both branes implies 
4iT{z, z) = as well. 

^For a related mathematical discussion, see ref. po| ]. 

^Objects defined in relative (co-)homology will be distinguished by an underline. 



-6- 



Mathematically speaking, the vacuum configurations hence lie within the so-called 
Noether-Lefshetz locus, defined as [41| 



M = <^ (z,i) G A 



Equivalently the locus M can be specified by the vanishing condition 

= G A I = ^(z,i;5r(,_,))} , (2.7) 

for the period vector of the divisor D(^^^^^ 

7f(z,z;5r(,_,)) = ( / , a = 1, . . . , dimi/2,0(^^^ . (2.8) 

Here4^'°)(.,z) is a basis of two forms for //^''^(L'j-^,^))- Hence the critical locus of D-brane 
vacua is mapped to the subslice of complex structures on the surface where certain 

linear combinations of period vectors on the surface vanish. At such points in the complex 
structure the Picard lattice of the surface -0(^,5) is enhanced due to the appearance of an 
additional integral (1, l)-form. 

At the Noether-Lefschetz locus {z, icrit) £ there is an interesting connection between 
the relative periods and another mathematical quantity studied in refs. [|l2|, |l3|. By the 



result of ref. |41], the relative period Il{z,z) evaluated at the Noether-Lefschetz locus 
(z, icrit) G gives (modulo bulk periods) the Abel-Jacobi invariant associated to the 
normal function of the algebraic curve dT^^^^^^^.^y. 

Ii,{z,Zcnt) = i^c^isfQY . mod (bulk periods) . (2.9) 

Specifically, the Abel-Jacobi invariant is defined via the normal function f^caig^^j(z) as 

AJ : CH\X,) ^ J3(X,) ^^^^^^^^^ ' " ' (2-^°) 

where, in the concrete setting, the normal function is defined as the chain integral 

T{z) = 1 Vliz) = V aig,„+ ^--.(z) mod (bulk periods) . (2-11) 

Here dVf = C+ — , with the holomorphic curves at fixed z = Zcrit- The essential 
point is that (only) at the critical locus, the above integral is well-defined in absolute 
cohomology, because the potentially dangerous boundary terms vanish by holomorphicity 
of the boundary dV^ and the Hodge type of il. The normal functions ( p.ll| ) have been 
introduced in refs. |12, ^] to study the on-shell values of the superpotentials 



T{z) = w{ct)-w{c;) . 

By the above argument, these are the restrictions of the relative period integrals ( |2.4D to 
the critical locus Af. 
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There is also a partial inverse of this relation, which recovers the relative periods for 
the family of divisors starting from the normal functions. To this end, recall the meaning 
of rational equivalence and the Abel-Jacobi invariant. The second algebraic Chern class 

takes values in the second Chow group CH^{Xz), which consists of equivalence classes 
of algebraic cycles of co-dimension two modulo rational equivalence |4^.'' Two algebraic 
cycles a and /3 of co-dimension two are rationally equivalent, if we can find a subvariety 
V of co-dimension one, in which a and /3 are rationally equivalent as co-dimension one 
cycles. This is the case if a and /3 are given by two linearly equivalent divisors on V, that 
is [a — /?] = G CH^{V).^ Moreover, rational equivalence implies that the Abel-Jacobi 
invariant vanishes. 

Starting from an algebraic cycle a of co-dimension two with C2°^(a) = we can find 
a three chain T" such that a = dT", and associate a normal function aig, ^ to it via the 

^2 (a) 



integral ( p.lll ). By ( 2.1C| ), the normal function vanishes for algebraic two cycles that 



are rationally equivalent On the contrary, if and C~ are not rationally equivalent, 
we obtain an element in the relative cohomology of each family T>{z,z) of divisors that 

contains the two holomorphic curves C'^ clt cl 'critiCcll' VclluG Z — -^crit* 

Indeed, since C+ 

and C~ are not rationally equivalent, — C~ defines by Poincare duality a non-trivial 
Element uj G Pic(L'(2^5^^.^)) ~ H^'^ {Di^z,Zc,:it))^H'^ {D{z,Zcrit)^ Since the algebraic cycle a is 
topologically trivial on X^, the associated two form cj is not induced from the hypersurface 
Xz and lifts to a relative three form 0(2^2^^.^) by the relation 

H'iXz,D^z^,)) ^ coker (i* : H^X,) ^ H^D^,^,))) Qkev {i* : H^{Xz) ^ , 

with i : D(^z,z) ^ ^z- By construction, the three-chain ~ T(^z,Zcrit) ^ representative 
of the relative homology class in H3{Xz, D(^z,£^^it)) dual to @(^z,Zcrit)- Surjectivity of the 
boundary map of homology then asserts that the above construction assigns to each normal 
function a relative period on H^{Xz, D(^z,z))^ which measures the superpotential of the off- 
shell deformation parametrized by the family "Diz, z). 

The relative (co-)homology groups {{^{Xz, D(^z,z,,it),^) (and H^{Xz, D(^z,z„it)^^)) are 
topological and do not depend on the open-closed deformation parameters, for a smooth 
family of the pair {X,T)). As a consequence the relative three cycle T(^z,Zc^it) (and three- 
form Q_(^z,Zc^it)) extends over the whole disc {z,z) £ A. Therefore we can define a relative 
three cycle T(^z,z) (and a relative three form Q(^z,z)) open parameters z and study the 

relative period integrals Il,{z, z) using the Mixed Hodge Variation on the family of relative 
cohomology groups over A. The Gauss-Manin derivative on this local system provides a 
powerful framework to study the relative periods as solutions to a system of Picard-Fuchs 
equations and leads to a predictive proposal for off-shell mirror symmetry formulated in 
refs. I, 



Using this connection between normal functions (2.11), that is to say domain walls 



between critical points C^, and the off-shell tensions represented by the integral relative 



'^The second algebraic Chern class is a refined invariant of the topological second Chern class |42[ . 

*If the subvariety V is not normal the cycles a and 13 are rationally equivalent, if their Weil divisors Da 
and Dp are linearly equivalent in the normalization V of V, namely a ~ /? if Da ~ Dp with f : V V 
and a = f*Da and /? — f^Dp. 
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periods (2^) ending on C^^~y we may calculate the critical tensions as follows. First de- 



termine the possible critical points as the vanishing locus ( p. 7] ) of the periods of the surface 
^{z,z) ■ The critical domain wall tension is then given by the relative period associated with 
the vanishing period on the surface, evaluated at the critical point Zcrit 

T{z) = r(z,zcrit). (2.12) 

This determines the critical tension up to a possible addition of a bulk period IlBuikC-^)- 

The vanishing condition ( |2.7[) , classifying the critical points, can be studied very ex- 
plicitly for off-shell deformations in a single open-string parameter z, which is sufficient to 
determine the on-shell tensions. In this case the surface D(^z,z) has geometric genus one 
and it is isogenic to a K3 surface [43|, that is the integral Hodge structures of the surface 
^{z,z) can be mapped to the equivalent Hodge structure of its isogenic K3 surface. This 
has already been used in ref. [17[ and will simplify the discussion in some of the examples 
below. 

One particular type of solutions to the vanishing condition arises at the discriminant 
locus of the isogenic K3 surface, where the period vector, associated with a geometrically 
vanishing cycle in the K3 surface, develops a zero. However, this type of solution is non- 
generic in the sense that it is often related to points in the deformation space with a domain 
wall with zero tension. The generic critical points arise instead from a zero of the period 
vector, which is a linear combination of volumes of geometric cycles in the K3 surface rather 
then the volume of an irreducible cycle. The typical example is a point where the volumes 
of two different cycles coincide, such that the period vector associated with the difference 
vanishes. At these particular symmetric points there is an 'accidental' global symmetry of 
the K3 lattice, exchanging the two cycles. More generally the generic critical points should 
be classified by special symmetric points in the K3 moduli studied in ref. 



2.3 Generalized GKZ systems and Picard-Fuchs equations for type II/F-theory 
superpotentials 

As alluded to above, the flat Gauss-Manin connection on the relative cohomology bundle 
leads to a Picard-Fuchs type of differential operators for the relative periods, which provide 
an effective method to determine and to study the tensions T{z, z) [^, |^, 15, 16, 17]. These 



differential equations also reflect the duality of i?-type branes on the threefold X to an M/F- 
theory compactification on a fourfold X4 determined by open-closed duality pO| . 
Specifically, the set of differential operators for the relative periods on X and for the fourfold 
periods on X4 have the superpotential periods in eqs. ( |2.2[ ) and ( |2.3| ) as common solutions, 
and the superpotential can be equivalently computed on the threefold or on the fourfold. 

For concreteness, we assume that the holomorphic curves are contained in the 
intersection of the hypersurface X : P = with two hyperplanes Di^2 defined in a certain 
ambient space. Choose coordinates such that the equation for Di does not depend on the 
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closed-string moduli z, typically of the form^ 

Di: X? + r/ = , 

where Xi are some homogeneous coordinates on the ambient space, a, b some constants 
that depend on the details and r] a fixed constant, which is a phase factor in appropriate 
coordinates. This hyperplane can be deformed into a family Di : x" + zx2 = by replacing 
the constant ry by a complex parameter z. The relative 3- form [I and the relative period 
integrals on the family of cohomology groups H"^ {X, Di ) , satisfy a set of Picard-Fuchs 
equations P, |^ p6|| 

Ca{0,e)n = dJ^^^^ =^ Ca{eJ) T{z,z) = 0, a = l,...,A, 



where a is some label for the operators. The differential operators can be split into two 
pieces 

jOa{0,0)=:jC'^"'-C','''e, (2.13) 

where the bulk part C^^^^{0) acts only on the closed-string moduli z and the boundary part 
C^a^^{6, 6) 6 contains at least one derivative in the parameters z. Since the dependence on 
z localizes on Di, the derivatives 2Tii9T{z,z) are proportional to the periods ( |2.8D on the 
surface Di 

2irieTiz,z) =Tr{z,z) . (2.14) 



Rearranging eq.( 2.13| ) and restricting to the critical point z = rj one obtains an inhomoge- 



neous Picard-Fuchs equation 

C''f''Tiz) = faiz), (2.15) 

with T{z) = T{z, rj) and 

27rifa{z)= C':f^y7r{z,z) . (2.16) 

z=r] 

In absolute cohomology the inhomogeneous term faiz) is due to the fact that the bulk 
operators jC^""^ satisfy 

£''f''n = d(3 d'^^^ f 1^ = 0, (2.17) 

ireH3(x,z) 

where d is the differential in the absolute setting. This is sufficient to annihilate the 
period integrals over cycles, as indicated on the right hand side of the above equation, but 
leads to boundary terms in the chain integral ( |2.11 ). In the absolute setting and based on 



D work- Griffiths reduction the inhomogeneous term fa{z) has been determined by a residue 
computation in ref. |l^. Here we see that the functions fa{z) are different derivatives of 
the surface period 'jr{z,z), restricted to the critical point. Hence, together with the bulk 



Picard-Fuchs operators, the surface period determine both the critical locus (2/7) and the 
critical tension. 



^Note that the equation for Di is a priori defined in the ambient space. However, by restriction to the 
hypersurface X we also identify Di with a divisor on the hypersurface X. For ease of notation we denote 
both the divisor of the ambient space and of the hypersurface with the same symbol Di . 
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In the examples we find that the inhomogeneous terms fa{z) satisfy a hyper geometric 
differential equation as well: 

Cf'^fa{z) = 0. (2.18) 

The hyper geometric operators C^J^^ descend from the Picard-Fuchs operators of the 
surface, which annihilate the surface periods C'^7:{z,z) = O}^ Specifically, if fa{z) is 
non-zero, the operator C^,^^ can be defined as 

jrinh ^ (j^V ^ ^^bdry^ ^'^'^f , (2.19) 



where the operators on the right hand side are restricted to the critical point as indicated. 

It follows from the above that the inhomogeneous terms fa{z) can be written as an 
infinite hypergeometric series in the closed-string moduli. However, on general grounds the 
fa{.z) need to be well-defined over the open-closed moduli space, which simplifies on-shell 



to a finite cover of the complex structure moduli space M.cs{^) of the threefold [35|. This 
implies that the hypergeometric series fa{z) can be written as rational functions in the 
closed string moduli and the roots of the extra equations defining the curves C}^ 

In the examples we observe that already the leading terms of the surface periods 7r(z, z) 
become rational functions at the special symmetric points on the Noether-Lefshetz locus 
N in this sense. Hence there appears to be a connection between the enhancement of the 
Picard-lattice of the surface at these points, rationality of its periods and D-brane vacua. 
The rationality property is preserved when acting with C^'^'^^ in eq. ( 2.16| ) to obtain the 
inhomogeneous term /„. In the examples we verify, that the contribution /a(Ca^) of a 
particular boundary curve Cag to the inhomogeneous term can be written in closed form 
as follows. 

where Pa,Qa are polynomials in the variables {1^,0). Here ip = ip{z) is a short-hand for 
the fractional power of the closed string moduli z appearing in the defining equation of 
the hypersurface X and {ai} are the roots of the extra equations defining the curves, with 
the root corresponding to the component C^^. Moreover, the zeros of the denominator 
appear only at the zeros of the components Aj(C) of the open-string discriminant, where 
different roots/curves coincide for special values of the moduli The exponents 7? are 
some constants and ga{ip,a) some functions without singularities in the interior of the 
moduli space. 

For Calabi-Yau hypersurfaces in toric varieties, the differential operators Ca can be 
derived from the GKZ type differential operators associated with the toric action on the 
ambient space |17, IC, p^]. In particular, the holomorphic (2,0) forms a;(2.o) on Di arise 



from the Lie derivatives of the holomorphic (3,0) form 



^"For simplicity we suppress an index for distinguishing several Picard-Fuchs operators 
^^We are grateful to Johannes Walcher for explaining to us this property of the inhomogeneous terms 
and for pointing out the results of ref. |45| on this issue. 
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where is the vector field generating the toric C* action parametrized by z, e.g. (xi, X2) — )• 
(Axi,A~^X2) in the above example. It is not hard to see that in the above situation, the 
differential operators for relative cohomology of ref. [jlTl depending on the parameters z, 
reduce at z = 77 to the type of differential operators derived in prop. 3.3. of ref. [^] in the 
absolute setting, i.e. without open-string deformations. Specifically, the derivative in the 
parameter 9 becomes equivalent to the Lie derivatives in the direction of xi and X2 at the 
critical point z = r] . 

In the notation of refs. ||T6| , 0, |2^, the GKZ system for the relative periods on X 
(or equivalently the fourfold periods for F-theory compactification on X4) are expressed in 
terms of extended charge vectors 1°" of the gauged linear sigma model (GLSM) associated 
with the brane geometry {X,T)). In the final form these are given by^^ 

lo 'i — 1 — '0 — 'i — 1 

m = n^^o - ^) n n(^^ - ^) - (-1)'°^" n^^o - ^) n n - ^) ' (2.21) 

k=l k>Ok=0 k=l k<0 k=0 

where I is an arbitrary integral linear combination of the extended charge vectors 1°' and 
= fli^ are logarithmic derivatives with respect to the parameters at in the defining 
equations for Xz and D(^z,z)- For details we refer to the examples in sect. |^ and to refs. |16 



17 , pQ , 26 1 . From the redundant parameters a, one may define torus invariant algebraic 

space Ai by 

' (2.22) 



coordinates Za on the open-closed deformation space Ai by 

I? 



where l"", a = 1, ...,dimA^ is a fixed choice of basis vectors. These describe the h'^'^{Xz) 
complex structure moduli of Xz and in addition the brane deformations z, providing co- 
ordinates on the fiber of — )■ 7W. For appropriate choice of basis vectors solutions to 
the GKZ system can be written in term of the generating functions in these variables as 

^ ,,U.>oril + Eainna + Pa))[^'^ ' ^''''^ 

ni,...,n]veZ(J " 



Under certain conditions discussed in refs. |T^, |2^, 26 1, the extended GKZ system ( 2.21 ) 
for the relative periods for the brane compactification on the threefold X can be associated 
also to the periods of the non-compact limit of the dual fourfold X4 for M/F-theory 
compactification. The solutions to this system then describe at the same time the relative 
period integrals n, which give rise to the leading term in eq. ( p.3[ ), and the periods of the 
non-compact 4- fold X^. A discussion of the quantum corrections in gs, computed by the 



periods of the compact fourfold, can be found in ref. |27]. 



^^The same formula describes also the generalized hypergeometric operators of GKZ type for the closed- 
string compactification [ p^ , |ll| and this will be used in the examples to determine the periods of the 
threefold X and the surface D below. The distinction between the three different cases arises only from 
the different generators I"', which encode the action of the gauge symmetry of the GLSM associated with 
the surface "D, the threefold X, the brane geometry {X,V) and the dual F-theory fourfold X4, respectively, 
with the latter two cases having the identical generators in the decoupling limit of ref. ]17|]. 
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3. Examples 



We proceed with the study of type II/F-theory superpotentials for a collectfon of examples 
of brane geometries on toric hypersurfaces with several open-closed string deformations. 
Combining the small Hodge variation associated with the surface periods (^^) and the 
GKZ system on the relative cohomology group ( |2.21 ) provides an efficient method to com- 
pute the integral relative period integrals and the mirror map for a large number of de- 
formations. We obtain new enumerative predictions for the A model expansion, consistent 
with the expectations, and study the behavior of the branes under extremal transitions 
between different topological manifolds through points with enhanced non-abelian gauge 
symmetries. 



3.1 Degree 12 hypersurface in Pi 2234 



The charge vectors of the GLSM for the A model manifold are given by |11| 






1 


to 


3 


4 


5 


6 


-6 


-1 


1 


1 





2 


3 


f 


1 








1 





-2 



(3.1) 

These vectors describe the relations between the vertices of a reflexive polyhedron described 



in app. A.l. Written in homogeneous coordinates of Pi^2,2,3 4 the hypersurface constraint 



for the mirror manifold reads 



P = aix\^ + a2x\ + 03X3 -|- 04X4 -|- asxf -|- 09X1X2X3X4X5 -|- agXiX^ (3.2) 
= xj^ -|- X2 + X3 -|- X4 -|- xf -|- X1X2X3X4X5 -|- 4> x\x\ . (3.3) 

In the second equation the variables Xj have been rescaled to display the dependence on the 



torus invariant parameters = z-^ ^''^-^2 ^^"^ ^t^ — ^2 with the Za given by ( |2.22| ). On 



the mirror manifold, the Greene-Plesser orbifold group acts as x, — >• A?*'' Xj with weights^^ 



Ze : 51 = (1,-1,0,0,0), Zg: 52 = (1,0,-1,0,0), (3.4) 

where we denote the generators by Afc with 2 = 1- The closed-string periods near the 
large complex structure point can be generated by evaluating the functions Bj^ia^{za\ Pa) in 



( 2.23 ) and its derivatives with respect to pi at pi = /92 = pi] . 

In this geometry we consider the set of curves defined by the equations 



Ca,K = {x2 = r]Xs , X4 = axf , X5 = K^/aTjipxsxj} , 

rj^ = -l, k'^ = -1, a^ + cpa"^ + 1 = 0. (3.5) 



^^The other factors of the Greene-Plesser group give nothing new, using a homogeneous rescahng of the 
projective coordinates, e.g. for the factor generated by gs = (1, 0, 0, —1, 0) with A3 = 1 one finds (73 ~ <7i<72- 
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The labels (ry, a, k) are identified as (ry, a, k) ~ (?7AiA2 ^, aA'^A2, k) under the orbifold group. 
In the following we choose to label each orbit of curves by (a, k) := {e™f^ ^ a, k). Note that a 
rotation of r/ corresponds to a change of sign for a in this notation, (e^*'^/^, a, k) = (—a, k). 
Instead of choosing a fixed rj we can also fix the sign of a and keep two choices for rf' . 

To calculate the domain wall tensions and the superpotentials for the vacua Cq^^k and 
Ca2,K we will study two families of divisors. The family Q(T>i) = + zx^ interpolates 
between vacua related by a sign flip of rj^ or of the root a of the quartic equation. The 
family (5(^2) = xf + zx\x\ interpolates between any two different roots a. 



First divisor 

We start with the analysis of the divisor 



Q{Vi) = xl + z:ixl. 



(3.6) 



To obtain some geometrical understanding of the surface defined by the intersection P 
= Q{'Di) we explicitly solve for X3 = {—z^)~'^^^X2 and rescale X2 to find 



PVx = + X2 + x\ + x\ + ■ll}XiX2X4X^ + (j)x\xj^ 



6^2 



(3.7) 



Here 'ip = u-^ ^^^'"2 ^ 



U2 are expressed in terms of the previous parameters as 



Ui = - — {l-Z3f, U2 = Z2 

z-i, 



(3.8) 



Changing coordinates to X2 = x\ displays the family Vi as a double cover of a family of 
toric K3 surfaces associated to a GLSM with charges 



Pi 






1 


2 


4 


5 


6 


/I -6 


-1 


2 





2 


3 


[2 


1 





1 





-2 



(3.9) 



and with the two algebraic K3 moduli (3.8). The two covers are distinguished by a choice 
of sign for X2. 

The family of algebraic K3 manifolds obtained from ( |3.7D by the variable change X2 = 



x% generically has four parameters with the two extra moduli multiplying the monomials 



^2 

x\x\ and x\x4,. Since these terms are forbidden by the Greene-Plesser group of the Calabi- 
Yau threefold, the embedded surface is at a special symmetric point with the coefficients of 
these monomials set to zero. The periods on the K3 surface at this point can be computed 



from the GKZ system for the two parameter family, obtained from (2.21) with the charge 
vectors {/} in eq. (^): 



£f = «i(29i - 1) n(-3«i + 292 + k)- 



n 



k=0 



'1 -'^2) II yoOi + k) 
fc=i, 2,4,5 



= - Oi) - n2(2^2 - 3^i)(2^2 - 3^1 + 1) , 



(3.10) 
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where 9a = Ua-;^- Apart from the regular solutions this system has two extra solutions 
depending on fractional powers in the Ui'. 

■Ki{ui,U2) = — B^jy{ui,U2; ^,0) = —V^i 2i^i(-i,-3, 1,4U2) + 0{u{ ) , 

'7T2{ui,U2) = ^ B^iy{ui,U2;^,^) = ^^V"l^2 2Fl{-l, i, |,4u2) + 0{ul^^) . (3.11) 

Here Ca are some normalization constants not determined by the differential operators. 
Later they will be fixed to one by studying the geometric periods on the surface. 

As indicated, the exceptional solutions vanish at the critical point ui = as ~ ^/ul, 
with the coefficient a hypergeometric series in the modulus it2 = ^^2- These solutions arise 
as the specialization of the standard solutions of the four parameter family of K3 manifolds 
to the special symmetric point. Since ui = is not at the discriminant locus of the K3 
family for general U2, there is no geometric vanishing cycle associated with the zero of 7ri^2- 
Instead the zero at ui = arises from the 'accidental' cancellation between the volumes 
of different classes at the symmetric point. The periods ( p. 11 ) have the special property 



that their leading terms ~ ^/ui near the critical point ui = can be written in closed form 
as 



lim 



23-^1 (1 — Z3) vr ij)^ 
where 



(3.12) 



+ -0- 

ai,± = ±Y ^ , a2,±=±Y ^ , (3.13) 

denote the roots of the quartic equation + (pa^ + 1 = appearing in the definition (^) . 
Hence the leading part of the two K3 periods near the symmetric point is proportional to 
a rational function in the coefficients of the defining equations for the curve, evaluated at 
the critical points. 

We will first compute the domain wall tensions by integrating the periods 7ri^2 of the 
surface Di. Note that the K3 periods vTa depend on ^ = -^/z3 via their dependence on ui 
and the sign of the square root correlates with the sign of a. To obtain the off-shell tension, 
we integrate i^a{C) ^-s 

rW(zi,Z2,^3) = vr,(e)^, (3.14) 

where denotes a fixed reference point. For example, the period vri integrates to 



Cl ~ -'Co ^n.i,n2>0 r(2+2ni)^r(H-n2)r(i-ni+n2)r(f+3rii-2n2) ? 



_^ r(4+6ni)(-.i)"i + L,"^(g^-l)^"i+%Fl(l,§+ni,l-ni,g^) 

'^"i'"2>0(i+2„i)r(2+2ni)2r(l+n2)r(i-ni+n2)r(|+3ni-2n2)C2"i+i 



(3.15) 



14 



15 



An explicit illustration of this fact is given in the case of the second family of divisors below. 
One parameter controlling the difference of these volumes is the direction of the off-shell modulus. 
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where the contribution from the reference point can be set to zero by choosing = i as 
the lower bound. This will be used to split the result of the integral for the domain wall 
tension into two contributions of the superpotentials from the endpoints as in eq. ( |2.5[ ). This 
split is not obvious in general, and ambiguous with respect to adding rational multiples 
of bulk periods. In the example we can use the Z2 symmetry acting on the curves to 
require that the superpotentials obey = —W[ \ With this convention and the 

particular choice of ^0 above, we obtain ^ I^,^ '^aiO ^ = ^""^^ °^ 2^1 '"^^^^'> T ^ 

According to the discussion in sect. ^, the superpotentials yvi^\zi, Z2, zs) restrict 
to the on-shell superpotentials Wa^\zi, Z2) with vanishing derivative in the open-string 
direction Z3 at the critical point: 



(±) 



cd^wi^\z^,z2,e 



Z3 = l 



Z3 = l 



0. 



(3.16) 



For the above integrals one obtains 

(-1)^1+1 r (-m 



(±) 



=F 



Svr 



E 



r (6ni + 4) 



ni- 



1 

'2 "2 
^2 



ni,n.>o ^ ("1 + i) r (2^1 + 2) r (3ni - 2n2 + |) T (n^ + 1) T (-m + ^2 + i) ' 

(3.17) 



(±) 



Svr 



(-l)"i+ir(-ni-i)r(6ni + 4) 



-5 fl2- 
^2 



. (m + 1) r (2ni + 2) r {Sm - 2n2 + f) r (n2 + i) r (-m + n2 + 1) 

These functions can be expressed in terms of the bulk generating function as 



(±) 



{zi,Z2;^,0) , 



(±) 



(3.18) 



Complementary, the tensions T'a^\zi, Z2; -Zs) and their on-shell restrictions Ta^\zi, Z2) 
can be described as solutions to the large GKZ system for the relative cohomology problem 
derived in refs. |l^, 26 1. For the family ( ^.6]) the additional charge vector is 






1 2 


3 4 


5 6 


7 8 


f 


1 


-1 





-1 1 



Together with the charge vectors and for the Calabi-Yau hypersurface this defines 
the extended hypergeometric system of the form ( 2.21| ), which can be associated with a 
dual fourfold X4 for a M/F-theory compactification EO, 27]. For a description of X4 as 



a toric hypersurface we refer to app. |A.l| . From the extended charge vectors one obtains 
after an appropriate factorization the system of differential operators^^ 



Ci = {9i + 03) (01 - 03)(30i - 2^2) - 36zi(60i + 5) (601 
C2 = 02(02 - 0l) - Z2i30l - 202 - l)(30i - 202) , 
C3 = 03(01 + 03) + Z303i01 - 03) . 



l)(02-0i + 2z2(l + 60i-202)), 

(3.19) 



^''The first operator is obtained after a factorization similar to the one described in ref. for tfie 
underlying threefold. 
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After a simple variable transformation y = ln(2;3), with the variable y centered at the 
critical point, the solutions to this system describe the expansion of the periods on the 
relative homology H^{Z* jVi) around the critical point. These include the off-shell ten- 
sions I'a '{zi,Z2,Z3) ( |3.14| ), which restrict to the functions ( |3.18| ), and in addition the 
closed-string periods Il(zi,Z2)- The integration from the geometric surface periods of the 
subsystem fixes the zs-dependent piece. The GKZ system restricts the afore mentioned 
integration constant to a linear combination of the closed-string periods Il{zi,Z2)- The 
rational coefficients appearing in this combination can be determined by a monodromy 
argument, as in ref. [12| and as exemplified for a non-compact limit of the Calabi-Yau 
threefold in sect. [A.2| . 

Finally one may also characterize the critical tensions Ta^\ or, for the above reasons 
also the critical superpotentials Wa^^ , as the solution to the inhomogeneous Picard-Fuchs 
equation ( 2.15| ), which makes contact to the normal function approach of [13]. Due to 

£i = £f ^01, 62) - (301 - 202)81 £2 = £f '(^1, 02), (3.20) 

we observe that only the first operator may acquire a non-zero inhomogeneous term at the 
critical point. This term is determined by the leading behavior of the surface periods iTa 
in the limit ui — )• 0. Acting with /I'^^y = (3^^ — 2^2)^3 on the terms on the right hand side 
of eqs. ( fj.ll ) one obtains the inhomogeneous Picard-Fuchs equations 



Cr'Wl^' = V^i 2Fi{i, -i, i, 4z2) = /i(ai,±) , 

(3.21) 

^bulky^,{±) ^ ^^^(3^ 1^ 3^4^^) ^ ^ 

while C^^^W^^ = 0. The roots ( 3.13| ) of the quartic equation are identified with the 
label (a, it) of the curves in the right hand side of eq. ( 3.21J ). Indeed, as a consequence of 
eq. ( p.l2D , the inhomogeneous terms can again be written in closed form as 

£^«'^T^(a) = /„(z,a), 

with W{aa^±) = wjt'^ and the fa{z, a) rational functions in the coefficients of the defining 
equation: 

fi{z,a) = ^ ^;3 ' f2[z,a) = 0, (3.22) 

for c = ci = C2- As is apparent from ( p.21| ), this function satisfies a hyper geometric 
equation £'"'^/i = 0. The hyper geometric operator is related to the surface operators 
by eq. ( ^.181) . In the present case, the relevant operator arises from £f , that is £*"'^ = 
{Cf + [£J^"^£i']£J'^"^"^)U^„,, while £f becomes irrelevant. With 

£?U„.. = 02(92 - i) - 4Z2(02 - i)(02 - I) , £r'li... = ^(^2 - I) , 
one obtains 

C^>^ = 92{e2 - i) - 4Z2(02 - l){02 + I) ■ (3.23) 

In the above we have used that the relevant surface period is the solution to the Picard- 
Fuchs system {£^} with index ^ in the variable ui to set 9i = ^. 
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A-model expansion 

By mirror symmetry, these functions should have an integral instanton expansion when 
expressed in terms of the appropriate coordinates and taking into appropriately the con- 
tributions from multi-covers [^. For the critical branes at fixed z, we use the modified 
multi-cover formulae of the type proposed in refs. [^, 14, 35 1: 



k odd dl odd 



^ ' kodddiodd 

^2 odd 



In this way one obtains the integer invariants in Tab. |^ for Cq = 1. As can be guessed from 
these numbers, the superpotentials for a = 1, 2 are in fact not independent, but related by 
a 1^2 symmetry. The family of Calabi-Yau hypersurfaces i \i-2\) develops a singularity at the 



discriminant locus A = 1 — 4z2 = 0, which is mirror to a curve of Ai singularities |4g, 47 1. 
On the B model side the Z2 monodromy around the singular locus A = exchanges the 
two sets of roots ai_± and a2,± in eq. (|3.13| ). Accordingly, the superpotentials W^^^ and 
W2^^ are also exchanged as can be seen from the structure of the inhomogeneous terms. 
On the level of periods this monodromy action yields 

ti^ti + 3t2, t2^-t2. (3.26) 

As a result the invariants of W2 are related to that of Wi by the Z2 quantum symmetry 
Qi ~^ QiQ2^ Q'2 ~^ ^2"^ generated by ( 3.26] ).^'' 



Extremal transition and a non- compact limit 

The above results and the normalization obtained by integration from the subsystem can 
be verified by taking two different one parameter limits. At the singular locus A = 0, there 
is an extremal transition to the one parameter family mirror to a degree (6,4) complete 
intersection hypersurface in Pi, 1,1, 2, 2, 3- From eq. (|3.26| ) it follows that the transition takes 
place at 52 = 1) predicting the relation 

3fc 

^4*;^ )(Pi,2,2,3,4[12]) = nfc(Pi,i,i,2,2,3[6,4]) , a = 1,2 , (3.27) 

e=o 

where {k,i) denote the degree in qi and q2, respectively. The finiteness of the sum over i 
follows from the symmetry ( 3.26| ). From the left hand side of the above equation one gets 



nfe = 64, 48 576, 265 772 480, 2 212 892 036032, 22 597412 764939 776, ... (3.28) 



""The 1,2 symmetry is also realized on the closed-string invariants, see the results of ref. ||ll|] 
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'di,d2 



1/2. 





1 


2 


3 


4 


5 


1 


16 


48 














3 


-432 
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146742768 


26162880 
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-7212912 


25141920 


-165384288 
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327357559584 


1094178697056 


9 


1393829856 


-6895024080 


49628432160 


-426927933792 


261880092960 


1383243224519472 


11 


-302514737008 


1905539945472 


-14487202588320 


131586789107520 


-1448971951799232 


1383991826496480 


13 


70891369116256 


-538859226100800 


4335978084777792 


-39691782337561536 


440278250387930640 


-5799613460160838608 


15 


-17542233743427360 


155713098595732704 


-1328641212531217728 


12308540119113753936 


-132576278776141577664 


1710971659352271824160 



di ,d2 



1/2, 1/2 
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82080 


26162880 


146742768 


92812032 
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-78192 


7 





-10780160 


241323840 


88380335472 


702830702688 


1094178697056 


327357559584 


9 





1843890480 


-36172116480 


932346639840 


364829042312640 


3751178206812144 




11 





-369032481792 


6979488962400 


-143329914498240 


4246347124847520 







Table 1: Disc invariants for the on-shell superpotentials Wa^^ of the threefold Pi 2,2,3,4[12]- 

for the first invariants of Pi, 1,1,2. 2, 3[6, 4]. This can be checked by a computation for the 
complete intersection manifold with the inhomogeneous Picard-Fuchs equation 

£W(z) = ^^, £ = 0^-48z(60 + 5)(60 + l)(40 + 3)(40 + l) . (3.29) 

Another interesting one modulus limit is obtained for Z2 ^ 0, where X degenerates to 
the non-compact hypersurface 

X^: yl + yl + vl + yl + yf + i>yiy2y^yAy5 = ^, = ^ = z"'/' (3.30) 
in weighted projective space IF'3,2,1,1,-1) with the new variables related to the Xj by 

yi = 4>^^'^Xix\, 2/2 = x^, ys = X2, yA = 2:3, yb = x'l^ . 

The non-compact 3-fold X}' is a local model for a certain type of singularity associated 
with the appearance of non-critical strings and has been studied in detail in ref. p8| |. 

In this limit the curves of eq. ( p.Sj ) are pushed to the boundary of the local 

threefold geometry and the domain wall tension between Cq2,+,k and Ca2._,K becomes 
independent of the modulus zi, which is reflected by the fact that all the disc invariants of 
W2 vanish in the limit — )• 0. The curves Cqj become 



= {y3 = vy4, yiy^ = ^ , ^22/5 = Ky^y er]ij > , e = ±i, K = ±i, (3.31 



where e = iti distinguishes between the two roots ai,-i- and ai._. In app. A. 2 we show, that 
the 3-chain integral representing the domain wall tension in X'^ descends to an Abel-Jacobi 
map on a Riemann surface, which can be computed explicitly as an geometric integral. 
The invariants nl^l obtained for the superpotential in the non-compact geometry X'" are 



reported in app. A. 2 and they agree with the ^2 term of Ti, q = 



[6] 
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A second family of divisors and symmetric K3s 

The same critical points can be embedded into a different family of divisors 

Q{V2) = x\ + zzz^^''^x\xl . (3.32) 

Our motivation to consider this second family in detail is two- fold. Firstly, the Hodge 
problem on the surface is equivalent to that of a two parameter family of K3 surfaces at a 
special point in the moduli, which can be studied explicitly without too many technicalities. 
We will explicitly show that the relevant zero of the period vector arises at an orbifold 
point of the K3, which has been interpreted as a point with a half-integral B-field for 



the closed-string compactification on the local geometry [49|. Secondly, this family tests 
a different direction of the off-shell deformation space of the brane, leading to a different 
off-shell superpotential W for the deformation ( 3.32D . However, since the family contains 



the curves Ca^K for 2:3 = —oP'z!^'^^ the critical superpotential has to be the same as the 



one obtained for the family 2?i in eq. ( 3.18| ). The agreement with the previous result and 



normalization gives an explicit illustration of the fact that different parametrizations of 
the off-shell directions, corresponding to a different choice of light fields represented by 
different relative cohomologies, fit together consistently near the critical locus. 

As the critical point is determined by the vanishing condition ( |2.7| ), we again study 
the subsystem P = Q{T>2) = . Solving for X4 and changing coordinates to xi = x\, the 
surface can be described as a cover^*^ of a mirror family of K3 hypersurfaces 

Xi + X2 + X'i -\- X^ + '4)XlX2X:iX^ + (l){x2Xs) = . 

Here Tp~^ := u = —^^{z2 — z^ + z'^)'^ and the parameter cf) is zero for the embedded surface. 



•'3 



At = 0, the GLSM for this family is defined by the charges 
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The GKZ system for this one modulus GLSM has an exceptional solution 

tt[u) = - Bjaiu; i^j = - y — 77^ — -o 777?^ ^ (3.33) 

2 2^r(2 + 2n)2r(| + n)2 ^ ^ 

that vanishes at the critical point u = 0. To get a better understanding of this solution 
and of the integral periods on the surface, one may describe vr as a regular solution of the 
two parameter family of K3 surfaces parametrized by ip and (j), restricted to the symmetric 
point (j) = 0. The charges of the GLSM for the two parameter family of K3 manifolds are 
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^*The change from xi to xi gives a fourfold cover acted on by a remaining Z2 action generated by gi in 
(p). 
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The two algebraic moduli of this family are vi = —<j)ijj~'^ and V2 = (t>~'^ and these are 
related to the single modulus of the embedded surface by u = ■i/'"^ = ViV2- The principal 
discriminant locus for this family has the two components 

A = Ao • Ai = (1 + Mvi + 729vl - 2916t;?i;2) • (1 - 4^2) . 

The periods near i;^ = can be computed in the phase of the two parameter GLSM 

1/2 —1/2 

with coordinates ui = viVcJ and M2 = '^2 • The hypergeometric series 

<u„U2) = ^ E E r(l + n)^r(2 -n + 2p) "^"^ ^''''^ 

n=Op=0 \ ' \ ' f) 

is a solution of the Picard-Fuchs equation that restricts to 7r(-^/u) in the limit = 0. This 
series can be expressed with the help of a Barnes type integral as 

~, , c f ^ r(i + 3n)r(i + sfrji + s)r{-s){-ir ^ 
c r(i + 3n)r(i-p)^ ^ 

+ ^EE r(l+nm2 + n-2p) ^"^"^^ ' ('-''^ 

n=0 p=l 

where the contour C+ encloses the poles of the Gamma functions on the positive real line 
including zero. To relate the special solution n{ui,U2) to the integral periods on the K3, 
one may analytically continue it to large complex structure by closing the contour to the 
left and obtains 

, _ A r(l + 3nXi;f {-in + ln(t;2) + 2(^(1 + n - 2p) - ^(1 + p))) 
'"^''^'''^^ ~ ^ r(l + n)2r(l + n-2p)r(l+p)2 

n,p=0 

= cuo (tP - ^) . (3.37) 

Here ojq = Bj{va;0,0) is the fundamental integral period at large volume, and = 
{27riu)o)~^dp^Bj\p^=o is the integral period associated with the volume of another 2-cycle 
C, which is mirror to the base of the elliptic fibration defined by the GLSM of the A model 
side. 

From the last expression it follows that the zero of the K3 period vector associated 
with the D-brane vacuum arises at the locus 

J^^ = lmtP = 0, B^^ = RetP = ^ , (3.38) 

which, in the closed string compactification on this local K3 geometry, is interpreted as 
a 2-cycle of zero volume with a half- integral S-field. Indeed, in the limit u = = ui, 
eq. ( p. 34 ) becomes 

, f l-2v2-VT^^2 \ . 
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expanded around ^2 = 00. The first term on the right hand side is the period for the 
compact cycle of the C^/Z2-quotient singularity studied in ref. |49], which is zero on the 
discriminant locus Ai = 0, but a constant at V2 = 00. The zero associated with the 
critical point hence does not appear on the principal discriminant, but at an orbifold point 
with non-vanishing complex quantum volume. It has been argued in refs. [12, 13], that the 
A model data associated with the critical points of the present type include Z2-valued open- 
string degrees of freedom from the choice of a discrete gauge field on the A-brane. Here we 
see that to this discrete choice in the A model there corresponds, at least formally, a half- 
integral valued -B-field for the tension in the S-model geometry. It would be interesting to 
study this phenomenon and its C^/Z„ generalizations in more detail, and we hope to come 
back to this issue elsewhere. 

As in the previous parametrization, the tensions can be computed from the integrals 



Ta 



1 

2Tri 



4 



where /?i/2 = i^-22^^'^1/2) with ai/2 defined in eq. (|3l^) . We again choose the reference 
point such that = and find 



which is in agreement with ( p. 18 ) for c = 1. 



(3.39) 



3.2 Degree 14 hypersurface in Pi, 2,2,2,7 

The charge vectors of the GLSM for the A model manifold are given by |jTl| 
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The hypersurface constraint for the mirror manifold, written in homogeneous coordinates 
in IPi,2,2,2,7 as well, is 

P = xY' + X2 + X3 -|- X4 -|- X5 — X1X2X3X4X5 -|- (f) x\x5 , (3.40) 

where ^/^ = ^^'^ ^2 4' = ^2 '^^^ orbifold group acts as Xi — )• A^'^Xj with = 1 

and weights 

Z7: <7i = (1,-1,0,0,0), Z7: 52 = (1,0,-1,0,0), Z7: 53 = (1,0,0,-1,0). (3.41) 

In this geometry we consider the set of curves 

Ca,± = {x3 = T/X4 , X5 = ax\ , X2 = ±\/aijilj X4xf} , 

7?^ = -l, a'^ + (pa + l = 0, (3.42) 

with the following identification under the orbifold group: {r],a,±) ~ (ryA2A3 ^, a, it). By 
choosing representatives we can fix rj completely and label the orbits by (a, it). 
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First divisor 



The family of divisors 



QiVi) = xl + zsxl 



(3.43) 



contains the curves Ca,± for the critical value 23 = 1. The periods on the family of surfaces 
is captured by the GLSM with charges 
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with two algebraic moduli ui = — fj(l — -^3)^ and U2 = -22- The exceptional solutions 



vri = ^B^^^{ui,U2, i, 0) = -^V^i 2i^i(-|, -|, -h^U2) + 0(uf 



27r 
35c2 



V^n^/' 1,4^2) + OK 



1 1 5 



3/2^ 



(3.44) 



vanish at the critical point ui = 0. Note that these are series in -^/is and the sign of 
the root distinguishes the two different holomorphic curves Ca,+ and Ca.- in ( |3.42| ). The 
superpotentials obtained from integrals similar to ( p. 14 ) are 



(±) 



r(7ni + |) 



J^o r (ni + 1)^ r (7ni - 2n2 + |) F (n2 + 1) T (n2 - 3ni - i) 



(±) 



^02 y 



r (7ni + I) z\ 



8 r (ni + 1)^ r (7ni - 2n2 + |) T (ns + |) T (n2 - 3ni) 
They can be expressed in terms of the bulk generating function as 



(3.45) 



(±) 



ci 



-S{«i,z2} (2;i,z2; |,0) , 



(±) 



C2 



(3.46) 



As in the previous example, these functions are the restrictions to the critical point 
= 1 of the off-shell tensions, which can be obtained as the solutions to the large GKZ 
system ( 2.21| ) of the relative cohomology problem derived in refs. []l6| , |l7| , [2^ . For the 
family ( 3.43| ), the additional charge vector is 



F 



1 2 3 



5 6 7 



1 -1 -1 1 



This leads to the generalized hyper geometric system 

Ci = {01 + 93){ei - 63) {701 - 202) - 7zi {Z2 {2801 - 402 + 18) - 30i + 02 - 2) x 
X {z2 {2801 - 402 + 10) - 301 + 02-1) iz2 {2801 - 402 + 2) - 30i + 02) , 
C2 = 02{02 - 30i) - Z2{70i - 202 - l){70i - 202) , (3.47) 

4 = 03(^1 +^3) +^3^3(^1 -03), 
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annihilating the relative period integrals on the relative cohomology H^{Z* ,Di) near the 
critical locus y = ln(z3) = 0. Again this system has an alternative origin as the GKZ 



system associated to an F-theory compactification on a dual 4- fold described in app. [A.l 
Alternatively, one may characterize the normal functions as solutions to an inhomoge- 
neous Picard-Fuchs equation. From 

= cX^'^k - (701 - 202)91 £2 = £^"'^ 

one sees that only the first operator acquires an inhomogeneous term, which is determined 
by the leading part of the surface periods tTq. Acting with {79i — 2^2)^3 on the terms in 



(3.48) 



( 3.44 ) one obtains the inhomogeneous Picard-Fuchs equations 

^b«/fcTT.(±) _ _l 35C2 1/2 3/2 (1 3 5 A-\ _ ,^ f \ 

Li W2 — Z2 2-f'l (4, 4, 2)4^;2j — ±C2jl(a2) . 

The inhomogeneous terms can be summarized as 

, , 7i (/)(a + (/>)(6a + (/>) 

where 

«i/2 = l{-^^ V^' - 4) , (3.50) 
denote the roots of the quadratic equation in the defining equation (|3.42|) . 

A-model expansion 

The superpotential W^^"^ is associated with the curve Cai,+ and similarly w!^"^ with Ca2,+- 



With the normalization ci = C2 = 1 and the multi-cover formulae (3.24) and ( 3.25| ), we 



obtain the integer invariants in Tab. |2|. Similarly as in the previous example, the two 
superpotentials are related by a Z2 symmetry arising from the monodromy associated with 



an Ai curve singularity 47]. On the i?-model side, the Z2 monodromy around the 
singular locus A = acts on the periods as ti ^ ti + 7t2, t2 — ^2 • The invariants of W2 
are related to that of Wi by the Z2 quantum symmetry qi qiql, Q2 ^ 92^ induced by 
this monodromy. 

Extremal transition and a non- compact limit 

The above results and the normalization obtained by integration from the subsystem can 
be further verified by taking two different one parameter limits. At the singular locus 
A = 0, there is an extremal transition to the one parameter family mirror to a degree 



eight hypersurface in IPi,i,i,i,4 [50|. To study this transition, we rewrite the hypersurface 
constraint ( |3.40| ) as 

P = [- 01^X1X2X3X4 + xl) + (xg + X4) + (x5 - V'a:iX2X3X4 + (a + (t>)xl) (xs - axl) . (3.51) 
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1/2, 1/2 
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34409872 



Table 2: Disc invariants for the on-shell superpotentials Wa of the threefold Pi,2,2,2,7[14]. 



The three summands indicated by the brackets vanish individually on the curves Ca,±- 
At the singular locus (p = ±2, the map to the hypersurface in IPi, 1,1,1,4 is provided by the 
identifications 



xfx2X3X4 = yf, xl = yl, xl = yl, xl = yf, X5 ± xl 



and this maps the curves Ca,± to the curves C^^ of ref. [33] in IPi,i,i,i,4[8]."'^^ 

From the symmetry t2 — — ^2 it follows that the transition takes place at (72 = Ij 
predicting the relation 

7k 

Y,n^kf(Fi,2,2,2,7M) = «fc(IPi,i,i,i,4[8]) , (3.52) 

1=0 

where {k,i) denote the degree in qi and 52, respectively. From the left hand side of the 
above equation one gets from the above tables 

-lnfc= 48, 65616, 919252560, ... 



for the invariants of Pi, 1,1,1, 4(8]. This is in agreement with the results of [33, 34[, up to a 
sign, which is convention. 

On the other hand, the the ^2 term of the superpotential Wi reproduces the invariants 



of the superpotential in the non-compact geometry 0(— 3)p2 studied in ref. [Q, 71^,0 = njT 
of Tab. 10 in app. A.2| . To recover this limit geometrically from eq. ( |3.51 ) we define 

yo = -0^X1X2x3x4, yi = xl, y2 = x|, ys = xl, 



[3] 



X5 ip fa 



X = ^ — ^XlX2X3X4 + ( ^ + 1 ) xT , Z = (j)X5 — a(j)x[ 

4> 4> \4> J 

to write the hypersurface constraint as P = (yo + yi) + (2/2 + yz) + xz . The two roots ai/2 
behave in the limit as ai/2 ~ —4>^'^. Choosing a = qi in ( p. 511 ) and rescaling X5 — t- one 
finds 

X = z^ ^^'^ X1X2X3X4, + x\ + 0{(p~'^) . 



„7 



Here fi labels the two roots of the last summand in (3.51) and corresponds to a choice of the sign in 

(Fli)- 



-25- 



Taking the root x = imposes a constraint on the Xi, and it ahows us to rewrite the terms 
in the first two brackets as 

{yozi^^^ + yi) + (y2 + ys), Vo = yiy2yz ■ (3.53) 



This is the equation for the Riemann surface S representing the mirror of C'(— 3)p2 [51, 52 1. 
It can be verified that the factors in the holomorphic (3,0) form work out as weh. After 

1/3 

a final rescaUng ^ z^' uq, the integral for the domain wall interpolating between the 
curves Ca^^± becomes 

T^+' >{zi,Z2=0) ^ ln(yi)(ilny2 . (3.54) 



This is a 'half-cycle' on the Riemann surface, which reproduces the results for the local 
brane of ref. Ilsl 



Second divisor 

The same domain walls can be alternatively studied via the family of divisors 

Q(P2) = xl + Z3Z2^^'^xlx5 , (3.55) 

1/2 

with the curves Ca,± contained in the divisor with z^ = — . Following the same steps 
as in the previous example, one recovers the superpotentials (|3.46| ) as the integrals 

where /3i/2 = ±i{z2^'^ai/2y^'^ with ai/2 defined in eq. ( 3.5C1| ). The charge vector t = 
(—7,4, 1, 1, 1) describes the subsystem defined by D2, and u = —ziZ2Z^'^ {z2 — Z3 + z|)^ is 
the single algebraic modulus associated with it. 



3.3 Degree 18 hypersurface in Pi, 1,1,6,9 

The degree 18 manifold is one of the first examples, for which Ooguri-Vafa invariants for 
supersymmetric branes with a large volume phase have been obtained from open-string 



mirror symmetry [16|. Here we study branes near critical points of the generic type. The 
charge vectors of the GLSM for the A model manifold are given by: 
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In homogeneous coordinates of ] 
becomes 



P 



1,1,1,6,9 the hypersurface constraint for the mirror manifold 

+ xl + xl + ^l^ {X1X2X3X4X5) + <f> (xiX2X3)^ , (3.56) 
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where if) = ^2 ^^^^ ^'^'^ 4' = ^2 "^^^ Greene-Plesser orbifold group acts as xi — )• 
A^*'* Xi with A}^ = 1, A^ = 1 and the weights 

Z18 : 51 = (1,-1,0,0,0), Zg: 52 = (0,1, 3, 2,0). (3.57) 

In this geometry we consider the curves 

Ca,± = {X2 = VlXl, X5 = 7/2X3 - -X1X2X3X4, Xi = '0^a(xiX2X3)^} , 

Vl^ = ril = -1, a3 - ^ ^ = , (3.58) 

where different choices for r/12 are identified under the orbifold group as (??i,7/2,a) ~ 
(TyiAf A2 ^, ??2A2, ce), and we distinguish the curves Ca,+ and Ca- by the orbits of the labels 
(1/1,772,0;) under this orbifold action. Specifically the orbits Ca,± contain the components 
r]\ = ibi for fixed r]2 = i and fixed a, respectively. 

Divisor geometry and tensions 
We study the family of divisors 

Q{V) = xl^ + Z3xf . (3.59) 
The periods on this family are captured by the GLSM with charges 
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where the two algebraic moduli are ui = z\ and U2 = — f|(l — -23) . The exceptional 
solutions 

^i(n) = ^B^^,j,^{uuU2-,Q,\) = -^V^2i^i (i,|,-i,432ui) +0(7z^/'), 

2048 (3.60) 
7r2(n) = ^B^,j,^{u^,U2-,\,\) = —-^uf'^^Fi (|, |, f , 432ni) + 0(tx^/') , 



vanish at the critical point U2 = 0. Similarly to eq. (3.14) we define off-shell superpotentials 
by 

with the fixed reference point .^o- For ^0 = ^ the contribution of the reference point vanishes, 
and at the critical value Z3 = 1 we arrive at the on-shell superpotentials wi^^ where the 
=b-label is now correlated with the orbits of the curves ( 3.58| ) 

.(±) _ , ci r(6ni + 1) z^^z^""^" 



3\3 



8 r (2ni + 1) r (3ni + 1) T (m - 3n2 - i) T (ns + f) 

^(±) ^ r (6ni + 4) ^ z^ 

' 8 r (2ni + 2) r (3ni + |) T (m - 3n2) T (n2 + |)' 



(3.61) 
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They can be expressed in terms of the bulk generating function as 



(±) 



±^^{/i,z2} (21,2:2; 0, i) , W^"^^ = ±^ B{ii^i2y {zi,Z2;^,l) . 



(3.62) 



Again these functions can be also obtained as solutions to the large GKZ system ( 2.21| ) 
of the relative cohomology problem. For the family ( |3.59| ) we add the additional charge 
vector 






12 3 


4 5 6 7 8 


f 


-1 1 


1 -1 



This leads to the generalized hyper geometric system 
Ci = OiiOi - 302) - 1221 (601 + l)i60i + 5) , 

£2 = 02(^2 - e3){e2 + es) - 22(^1 - 302)(0i - 3^2 - i){Oi - 302 - 2) , (3.63) 

annihilating the relative period integrals. There are two solutions with a minimum at 
the critical locus ln(23) = that restrict to the on-shell superpotentials W^^'^ and ^2^"*' 
respectively. 

To characterize the on-shell superpotentials Wa^^ as solutions to an inhomogeneous 
Picard-Fuchs equation we note that 



1,1—1,1 , 



fhulk 
1-2 — 1-2 



^2^3 ■ 



So only the second operator acquires an inhomogeneous term, which is determined by the 
leading part of the surface periods iTaiu)- Acting with 02^3 on the terms in ( |3.60| ) one 
obtains the inhomogeneous Picard-Fuchs equations 



A 



^2 •- 



^tulk^i±) = ± - ^^F, (l,|;-l;4322i) , 



-ci 
T67r2 



4096C2 3/2 ^ .5 7. 5 X 
IQ^2 ^1 V^2 2i^l (3,3,2.43221) 



(3.64) 



To find the geometric domain wall tensions, we note that the three roots ai of the cubic 
equation (|3.58|) can be written as 



,1 + e¥(^-i)A + e-¥(^-i)i 
12 V A 



^=1,2,3 , 



with 



A 



1 - 86421 + 2v^4322i (4322i - 1) 



Under a monodromy 2j"^ — )• e^^^* z^^ around 21 = 00, A transforms as A — )• e~3~ A and the 
three roots are permuted according to ai — )• a^+i. On the curves Ca,± the monodromy 
acts as the Zg symmetry 



M(2i = 00) : 









a2,± 






\"3,± J 
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It follows that the domain walls between the curves Ca,± for fixed a must be permuted 
under the monodromy as well. To this end note that the hyper geometric functions in 
eq. ( p.64 ) are solutions of the same hyper geometric differential equation and in fact are 



related by monodromy. Indeed, for c = ci = C2, the inhomogeneous pieces can be expressed 
in terms of the single rational expression 

Ma) = 0, M») = ^ ^9 ^3~^Zl^y ^ (3-65) 

as 

/2(ai) = -24+) , /2(a2) = -4+'^ + , /2(a3) = a[^^ + 4""^ ■ (3-66) 

From the above we obtain the following linear combinations for the geometric superpoten- 
tials 

= 2 ^i^) , Wif = W[^^ - W^^^ , = W[^^ + W!t^ , (3.67) 

which satisfy C^'' = ±f{a). 

The inhomogeneous term ( |3.66| ) becomes singular at the zeros of the open-string dis- 
criminant 

Aa = zi(l -432zi), 

of the cubic equation, where two roots coincide. This leads to the appearance of tensionless 
domain walls 



zi = {ai) = (i, 0, 0) 



J- a.\ ,ai 






= 


rp{±,±) 
-'■ 02,03 


= w^^' 


-wif 


= 


-^02,02 


= wiV 




= 




= wif 




= 



(3.68) 



A-model expansion 

In the Tab. | we list the integer invariants of the superpotentials wi^^ obtained with the 
modified multicover formulas ( 3.24]) and ( 3.25 ) for the normalization c = ci = C2 = 1. 

In the limit gi — t- the superpotential Wi~^^ reproduces the numbers n^^ of the local 
Calabi-Yau geometry 0(— 3)p2 given in Tab. ^ in sect. A_^. Therefore in this local limit 
the domain wall between the curves Ca2,+ and Ca^,-, which yields the on-shell tension 



^(+-) 

'02,03 



.(+) 
' 02 



(-) 



2 VF^^^\ becomes equivalent to the local domain wall of the local 
threefold 0(— 3)p2 for the numbers n^^. The on-shell superpotentials W2^^ vanish in this 
limit and give rise to tensionless domain walls ( ^.68 ). 
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-35235 





467775 


-7767495 


131193270 
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-1129110 


-3171960 


-56432160 


1346568000 


-30388239450 


4 


-19625112 


-9840669480 


18001000575 


-268964593065 


6132575901195 


5 


-237548052 


-4228413761754 


2588348258640 


38534260978296 


-1115308309663386 
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-2241975315 


-593578595396565 


241002579933810 


-5655664165568310 


165340822601302875 
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-54 


108 


-270 


1728 


-15444 


7 


-1215 


-24300 


99630 


-918540 


10783125 


9 


-17290 


-60310547 


-15819570 


220135880 


-3485260710 



Table 3: Disc invariants for the on-shell superpotentials wi^'' of the threefold Pi,i.i,6.9[18]- 
Non- compact limit 

We exhibit the non-compact limit by redefining the projective coordinate of Pi, 1,1,6,9 / (^is ^ 
Zg) according to 

yi = , y2 = X2 , ys = , x = , z = xs + ■0^:1x2x3x4 , 

where E C*, x,2; G C. In these local coordinates the Greene-Plesser orbifold group 
reduces to Z3. It acts on the coordinates y£ as y£ — )• X^ye, with = 1, while the coordinates 
X, z remain invariant. In the limit zi — )• 0, which is mirror symmetric to the limit qi — )• 0, 
we arrive at the local Calabi-Yau geometry 

= yf + y2 + yl + ymys + xz + 0{^) , 

together with the associated local holomorphic three- form Q. This limit has already been 



studied in detail in ref. |16|. The local geometry is related to the (mirror) cubic elliptic 



curve with the points ye = removed, and it captures the local mirror of the non-compact 



^[=^1 -nh+) in Tab. I 



threefolds 0(— 3)p2 studied in app. A.. 2. This explains the appearance of the disc invariants 

''042 



3.4 Degree 9 hypersurface in Pi, 1,1,3,3 

Ooguri-Vafa invariants for supersymmetric branes with a large volume phase on this man- 
ifold have been computed in ref. fl^ . Here we study branes near critical points of the 
generic type. The charge vectors of the GLSM for the A model manifold are given by: 
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The hypersurface constraint for the mirror manifold, written in homogeneous coordinates 

of IPl,l, 1,3,3, is 



P 



xl+xl + xl+xl + xl-ll) (X1X2X3X4X5) + (/) {xiX2Xs) 



(3.69) 



where ip 



Z2 and 



.-1/3 



Af*'' X,- with A 



9 



^2 



vviuii — — 1, A3 = 1 and weights 
Zg: gi = (1,-1,0,0,0), Zg : 52 = (1,0,-1,0,0) 
In this geometry, we study the family of divisors 



The Greene-Plesser orbifold group acts as Xi — )• 
Z3 : 52 = (0,0,0,1,-1). (3.70) 



QiV) = xl + Z3xl 



(3.71) 



near the point Z3 = —1. The Calabi-Yau threefold is an elliptic fibration over similar 
to the previous example and the steps of the computation of the periods of the relative 
cohomology group defined by the divisor T> are straightforward. Despite these similarities, 
we could not identify a complete intersection representation of the type ( p.58 ) for an ap- 
propriate curve. In the following we proceed to compute the superpotential and the disc 
invariants for the critical point without knowing such an explicit representation. 

The surface periods defined by the family (|3.71 ) are captured by the GLSM with 
charges 
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depending on the two algebraic moduli ui 
solutions 



zi and U2 



(1 — zs)^. The exceptional 



ci 
2 

vr2 = y B^i, py{ui,U2;^,^) 



TTi = y -B|[l^p}(^il,'U2;0, i) = ^ 2Fi{l,l,-^,27zi) + 0{u2^^) , 



3/2 N 



2tt 
105c2 
2tt 



^ zl/\Fi{f,f ,1,27 zi) + 0{u 



11 13 5 



3/2n 



(3.72) 



vanish at the point Z3 — 1 = = U2- The sign of the root -^/is distinguishes the two sheets of 
the coordinate change x^ = xi similarly as in eq. ( 3.14 ). Integrating along similar contours 
as in that case, we obtain the superpotentials 



(±) 



ci 



r(3ni + l) z^i^'^^ 



3\3 



Wr 



(±) 



n,>o r (ni + 1)' r (m - 3n2 - i) r (^2 + f) 

C2 r (3ni + I) 



ni- 



n2^ 



E 



(3.73) 



- „^or(ni + |)'r(ni-3n2)r(n2 + i)' ' 
or equivalently, expressed in terms of the bulk generating function 



(±) 



±y B{i\i2} {zi,Z2; 0, i) , 



(±) 



C2 



(3.74) 



These functions are solutions to the large GKZ system ( |2.21| ) of the relative cohomology 
problem. For the family ( 3.71| ) the additional extended charge vector is 
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12 3 


4 5 6 7 8 





-1 1 


1 -1 



which, together with the charge vectors of the threefold, gives rise to the differential oper- 
ators according to eq. ( p. 21 ) 



h{Oi - 302) - 3zi(30i + l)(30i + 2) , 

[02 - 03){02 + 03)02 - Z2{9i - W2){ei - 302 " 1)(^1 

^3(^2 + ^3) + ^3^3(^2-^3) • 



300 



(3.75) 



The solutions to these operators are the relative period integrals. In particular there are 
two solutions with a minimum at the critical locus ln(z3) = 0, which restrict to the on-shell 
superpotentials W^^^ and VFg^^ respectively. 

To characterize the critical superpotentials Wa^^ as solutions to an inhomogeneous 
Picard-Fuchs equation, we observe 



Ci = CI 



bulk 



p pbulk 
L2 — L.2 



h03 ■ 



So only the second operator acquires an inhomogeneous term, which is determined by the 
leading part of the surface periods tTq. Acting with 0203 on the leading coefficients of ( 3.72| ) 
one obtains the inhomogeneous Picard-Fuchs equations 



(lbulk^{±) 



167r2 



^2 2Fi(ii;-i;27zi) , 



f^bulk^^A±) _ I 105C2 ^3/2 r— /II 13.5.97^ \ 



(3.76) 



The inhomogeneous terms are again solutions to the same hypergeometric equation and 
related by monodromy. The differential operator is obtained by specializing the Picard- 
Fuchs operator of the surface £f = 0i{0i — 302) — 3ui{36i + l)(36'i -|- 2) to the critical point 
U2 = 0: 



/:'"'^/2(^i,22) = 0, £ 



inh 



1 I ^crit 



2z 



d_ 

dz 



2 
9 



with 0a = Ua-^, z = 21 z\. The specialization to the leading term in the limit M2 = 
is achieved by setting 02 = \- Similarly as in the other examples one can verify that the 
hypergeometric functions ( 3.76D can be written in closed form. 

In Tab. | we list the integer invariants obtained with the modified multicover formula 
(|3.24 ), ( 3.251) for the normalization ci = C2 = 1. Similarly as in the previous examples, the 
hypersurface degenerates to the non-compact threefold ( |3.53 ) in the limit z\ — t- |16|. This 



explains the appearance of the invariants ri!^ (c.f. Tab. [H 
which are listed in the first row of the first table in Tab. ^. 



in the superpotential W\ 



(+) 
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4131 


-71442 


1230795 


-21333942 


3 


-1347 


-2295 


-33804 


979800 


-24220836 


544584789 


4 


-6021 


-231876 
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117194205483 








1 
2 


rfl ,a2 










1/2 > 1/2 


1 


3 


5 


7 


9 






1 





















3 


-105 


















5 


-567 


1134 
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81648 


-826686 10133100 
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-11904 


-1421850 


-498555 


13289664 -255008817 





Table 4: Disc invariants for the on-shell superpotentials Wa of the threefold Pi, 1,1, 3, 3 [9]. 



3.5 Degree 12 hypersurface in Pi 



1,2,2,6 



Ooguri-Vafa invariants for super symmetric branes with a large volume phase on this mani- 
fold have been computed in ref. [0O|| . Here we study branes near critical points of the generic 
type. The critical value of the superpotential for these branes was computed already in 



ref. 1 35]. This gives a check on the off-shell superpotential obtained from the GKZ system 
for the relative periods by restriction to the critical point. The charges of the GLSM for 
the A-model manifold are given by: 






1 


2 


3 


4 


5 6 


I' -6 








1 


1 


3 1 


/2 


1 


1 








-2 



The hypersurface constraint for the mirror manifold in homogeneous coordinates of Pi, 1,2, 2, 6 
is 

P = + + + ^4 -I- X5 -I- -0 X1X2X3X4X5 -I- (/> (xiX2)^ , (3.77) 

where '\\) = ^^^^2 ^^^'^ 4' = ^2 "^^^ Greene-Plesser orbifold group acts as Xi — )• 
A^*'' Xi with generators Af = A2 = A3 = 1 and the weights 

Ze : 51 = (1,0,-1,0,0), Zg : 52 = (1, 0, 0, -1, 0) , Z2 : 53 = (1, 0, 0, 0, -1) . (3.78) 

In this geometry we consider the same curves as in ref. |]35| , 

Ca,v = {X3 = Vixj , X4 = r]2xl , X5 = 0X1X2X3X4} , 

r]t = r]l = -l, a2 + Va + -^ = 0, (3.79) 

which under the orbifold group are identified as (r/i,r/2,a) ~ (r/iAf A2, T/2A2, «)• The 36 
choices for rji and 772 form 3 orbits of length 12. Together with the two choices for a there 
are 6 different curves, that we choose to label by (a,r/), where r] = (7717^2)"^ and rj^ = 1. 
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Divisor geometry and tensions 
We study the family of divisors 

Q{V) = xl - z^z^ ^^^Z2 ^^^'^xiX2XsXiX5 , (3.80) 

which contains the curves Ca,r] at the critical points Z3 = azl^^ z^^^"^ . Note that the chosen 
open coordinate z^ arises naturally in the associated non-compact fourfold defined by the 
additional charge vector 

■ 1 2 3 4 5 6 7 



1 -1 1 



Derivatives of the relative periods with respect to z^ are related to the surface periods 
of the intersection Q{T>) = = P. The relevant surface is captured by the GLSM with the 
charges 
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The algebraic moduli of the surface are related to those of the threefold by ui = — tttt^ — vt 
and U2 = Z2- 

In the moduli of the intersection surface the critical points z^ = azj^^Zg^^^ = "5 are 
given in terms of the condition ui = U2 or equivalently in terms of — |^ = z^{l + z^Y . Then 
the characteristic equation for the curves Ca,T) becomes 



\ 1/3 

r/y + d(l + a) =0 , y = i ^) ' (^'^l) 



with r]'^ = 1, and the critical points are given by 



Q±(r?) = zl^'zl^^'a^iv) = ^ (-1 ± 71^4^] • (3.82) 
Hence the critical points d{i]) are in one-to-one correspondence to the labels (a,??) of the 

curves Ca,ri- 

The solutions of this subsystem can be generated with the Frobenius method from the 
generating function, 

„ , , r(l+3niX^u"2 

BriipAui,U2;pi,p2) = > r—— (3.83 

^ ■ ^ ^ r(i + m)^ r(i + m - 2n2) r(i + 77,2)"' 

The linear combination 

^(^1' ^2) = ^ (5pi^{[i,[2} - 5p2^{[i,[2|)|^^^o := c{ti - t2) , (3.84) 

vanishes at ui = U2 or equivalently at the critical points Z3 = d of eq. ( |3.81| ) . Note that ti 
and t2 are the volumes of two generators of H2{K3,'Z), and the zero of the period arises 
from the coincidence of their volumes. 



1 
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In order to derive the superpotentials we need to integrate the surface periods tt{u). 



Note that for the divisor family (3.80) the induced holomorphic two form of the embedding 
surface differs from the canonicahy normahzed holomorphic two form of the corresponding 
isogenic K3 surface by a moduli dependent pre-factor. As a consequence the relation ( 2.1^ ) 
must also be modified by a moduli-dependent measure factor 



2TTi9z^W{zi,Z2,Z3) = — 7r(ni,n2) , 

J- + ^3 

where now both the superpotential W and the surface period 7r(ni,-U2) are canonically 
normalized. Thus integrating the surface period tt{ui,U2) together with the measure factor 
according to 

= -i. / -^^(.3)^, (3.85) 
we find the on-shell superpotentials for the curves C(^a,r)) 

W^"^'^\y,Z2) = t£^ (^So log(-w)' + {Si - S2) log(-7?y) + ^ + 5„+,,(y,Z2)) • 

(3.86) 



Here So,Si and 5*2 are the power-series^^ 

c ^ r(l + 6rei) ni+na 

° r(l+3ni)r(l + ni)2r(l+ni-2n2)r(l + n2)2^ ^ 



ni>0 

1 + 120y^Z2 + 83160/z^ + 166320/^ + 81681600y^z| + ... 



r(l + 6ni) (6V'(1 + ni) - 3V'(1 + 3ni) - 2^/^(1 + m) - ^^{1 + m - 2n2)) 



r(l -I- 3ni)r(l + ni)2 r(l + ni - 2n2)r(l + n2) 
-Z2 + 744/ Z2 + — ^ + 120^3^1 + 562932/ z| + . . . , 



3ni ni+n2 
Zn 



V- 2r(l + 6ni) {jjjl + m - 2n2) - ^^(1 + 712)) 
n,>0 



XI + 3ni)r(l + ni)2 r(l + m - 2n2)r(l + n2)2 ^ 2 
= 2z2 + 240y^Z2 + 2,zl - 240y^z| + 249480yS| + . . . , 
while the instanton part reads 

18 



5.,,, = (6(,,) + .2) + + ^) + (T + + 



+ ... . (3.87) 



In ref. |35| the on-shell superpotentials ( ^.861) were obtained as the solutions to inho- 
mogeneous Picard-Fuchs equations. To calculate these inhomogeneous terms, we rewrite 
the bulk operators 

£5"^^ = 02(0^ _ 2^2) - 8zi(60i + l)(60i + 3)(60i + 5) , 
£f = el - Z2{9i - 2^2) (01 - 292 - 1) , 



^"So is the fundamental closed string period and Sa, a = 1,2, the series part of the single logarithmic 
closed string periods {2ni)ta ~ log(za) + Sa, which determine the closed string mirror map. However there 



is no double logarithimic closed string period that has the same classical terms as eq. (3.86) 
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-44496 


731952 
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-44496 


-3960 
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600 


-12042 


-75036 


3177414 


20289960 


3177414 


-75036 


-12042 


600 





9 


1800 


-38236 


-136672 


20383740 


399653208 


399653208 


20383740 


-136672 


-38236 


1800 



Table 5: Symmetric disc invariants for the on-shell superpotentials of the threefold 

Pl.l,2,2,6[12]. 



in terms of the coordinates y and 2:2, we act with them upon the superpotentials ( 3.86| ), 
and we find for the inhomogeneous terms 



"67r2 (1 - 4r/t/)3/2 



"47r2V3 3'^ 3"^' J 127r2 (1 -4r?y)V2 ■ 

A-model expansion 

For completeness we quote in Tab. ^ the disc instantons for the on-shell superpotentials 
in terms of = — Z2) + • • • and = Z2 + ■ ■ ■ for c = 1. These numbers have 
already been computed in ref. |^5| by deriving the inhomogeneous Picard-Fuchs equations. 
As in ref. [^] we have added a rational multiple of a closed-string period with leading 
behavior 11 = tit2 + . . . to get invariants ?^di,d2 symmetric under the Z2 symmetry ti — >• 
ti +t2-, t2 —t2; Qy — >■ qyq2, Q2 Q2^ ■ This is the Weyl symmetry of a non-perturbative 
SU{2) gauge symmetry appearing in the type II compactification at the transition point 
fl^ , p7|| . The domain wall is a singlet under this global symmetry as can be seen from the 
defining equation ( 3.7S| ). 



3.6 Degree 8 hypersurface in Pi, 1,2,2, 2 

The charge vectors of the GLSM for the A-model manifold are given by: 
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The hypersurface constraint for the mirror manifold in homogeneous coordinates of Pi, 1,2, 2, 2 
is 

P = xf + xl + xl + xl + + X1X2X3X4X5 + <f> (X1X2)'' (3.89) 

where i/j = z-^ ^^^^2 ^^'^ 4' = ^2 '^^^ Greene-Plesser orbifold group acts as Xi — >• 
A^*'' Xi with generators = 1, A| = A| = 1 and weights 

Zg : 51 = (1,-1,0,0,0), Z4 : 52 = (1,0,-1,0,0), Z4 : 52 = (1, 0, 0, -1, 0) . (3.90) 
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In this geometry we consider the curves 



Ca = {x3 = m^i , X4 = T/2X2 , mmxd = 0x1x2} , 

7yf = ry| = -l,a4_^^a + (/> = 0. (3.91) 



where rjf = r/| = —1. Under the orbifold action the curves are identified as (r/i,r/2,a) 
(ryiAf A2AI, ry2A^^A3, q). The curves are labeled by the four roots q, while under the Zg x Z| 
orbifold action the 16 distinct choices for the phases rji and 772 are identified. Thus we find 
four distinct orbits of curves Ca ■ 

Divisor geometry and tensions 

To compute DW tensions for these curves we study the family of divisors 

QiV) = x\ — ^^^Z2 X1X2XSX4X5 . (3.92) 

The curves Ca are included in V for the critical values z^ = z^^ o? = where the 
new label d obeys the fourth order equation 

d(l + d)^ + y = 0, y=—- (3.93) 

Note that the roots d of this fourth order equation are in one-to-one correspondence with 
the curves Ca- 

The chosen open-string coordinate 23 is the natural coordinate on the non-compact 
fourfold defined by adding 

1 2 3 4 5 6 7 



/3 -1 



0000101 -1 



to the GLSM for the A-model manifold. Periods on the intersection Qi'D) = P = are 
captured by a GLSM with charges 
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where the algebraic moduli are ui = —j^^y^^^ ^2 = •22- In these coordinates the 
critical points z^ = a arise at ui = u^- This condition corresponds to the fourth order 
equation ( |3.93 ) for the label a. 

The solutions of this subsystem can be generated with the Probenius method from the 
generating function 

r(l + 3ni) n^^n^^ 

%,P|(ni,n2;pi,P2)= ^ rn^..^2rn^...-9...^rn^.,.^2 - (3-94) 



The linear combination 



c 
2^ 



r(l + ni)2 r(l + m - 2n2) r(i + n^f 

pi 



i^pi^inp} - ^P2^{[i,[2})|p,=o •= - *2) > (3-95) 
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vanishes at the critical locus ui = U2- Again ti and t2 measure the volumes of two 
generators of H2{K3, Z) and at criticality the zero of the period arises because their volumes 
coincide. The four critical points Ok, k = 0,1, 2, 3, which are given in terms of the fourth 
order equation ( p. 93 ), enjoy in terms of y = the expansion 



aoiy) 



-y (1 + 3y + 15y^ + 91y^ + 612y^ + 4389y^ + 32890/ + . . . ) , 



+ i^fy' + 



(3.96) 



with z/£ = e~^^~^\£ = 1, 2, 3. Similarly to the related example Pi, 1,2, 2, 6) there appears an 
additional measure factor for the integration of subsystem period to the superpotential, 
namely 



27ri ez.^W{zi,Z2,z^) 



1 



1 + ^3 



7r(Mi,n2) 



Hence, integrating the discussed subsystem period (3.95) with the additional measure fac- 
tor, we obtain for the critical point do the on-shell superpotential 



T^("o)(y, Z2) = -^ Q So \og{-yf + {Si - S2) log(-y) + S^,{y, ^2)) 



(3.97) 



Here Sq,Si and 5*2 are the power-series 



21 



5o = 1 + 24yz2 + 2520y^z| + + 369600y^z^ + 2217600y^4 + . . . 



2^3 



.3 ^3 



.3 ^4 



Si = -Z2 + 104yz2 - -zl + 24yz| + 12276^^^1 



10 



35 



^zl + \2yzl - —zl + 



(3.98) 



Ji /io„.„2 , ^7tr^;^„.2^2 , ^3 ^A„,Ji i "^^^4 



^2 = 2z2 + 48yz2 + 3^2^ - 48yz2 + 7560y"z2 + ^4 " 24y4 + y + . . . 



For the instanton part Sq-q we get 

Sao(y,^2) = (4y + 3z2)+f7y2 - 64yz2 + ^ 



+ 



220y3 



+ 210y^Z2 + 528yz| + 



191zs 



+. .. . 



(3.99) 



Finally, we note that in terms of the GLSM charges suitable for the coordinates y, Z2 
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we can express the superpotential W^°"^'> as 



Z2 



87r2 



5pi Bi^h\h^}{y^Z2,pl,p2)\p,=0 ■ 



(3.100) 



Integrating the subsystem period with the additional measure factor to the other roots 
ai{y) one finds similar expansions for the on-shell superpotentials W^'^^\y, Z2) associated 
to these roots. 



'^^So is the fundamental closed string period and Sa, a = 1,2, the series part of the single logarithmic 
closed string periods {2ni)ta ~ log(za) + Sa, which determine the closed string mirror map. However there 
is no double logarithimic closed-string period that has the same classical terms as eq. (3.97). 
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To characterize the superpotential W^"'^^ by an inhomogeneous Picard-Fuchs equation 
we calculate the inhomogeneous pieces with the following bulk operators 

^buik ^ q2^q^ _ 2^^) _ (4^^ ^ -^^(4^^ ^ 2)(4^i + 3) , (3.101) 
CY"" = el - Z2{ei - 2^2)(^i - 202 - 1) , (3.102) 



and we obtain 



14/^ _ -— 0yj,b2 I 4' 4' 4' 3' 3'^) --^^l//("0) 



4^ ^ ' (3.103) 

rbulkijriao) _ 77 M 2 3. 1 2 . 256^\ _ , \ 

L2 W - 3^2 (^4,4,4, 3,3, - /(ao) , 

where the label ao refers to the root of the quartic equation in ( p. 91 ) associated to the 



corresponding root do in eq. ( p.96| ). As in previous examples we can also express the 
inhomogeneous terms as functions in the coefficients of the defining equations, i.e. 

1/8 1 

c Zo a c 1 

The open string discriminant is Aq = y{l — ^p^), with the three roots ag, i > colliding 
for y = at ae = —1, see eq. ( ^.961) , while at y = ^ one has do = —\ = di. The 



inhomogeneous term ( 3.104| ) become singular at the second zero, indicating a tensionless 
domainwall between the curves associated with do,i. 

For the other on-shell superpotentials W^"^\y, Z2), we find the same inhomogeneous 
terms 

^buik^,{a,) ^ 3 0j(ae) , = f{ae) , £ = 1,2,3 , (3.105) 

where again the roots are associated to the corresponding roots d£. 
A-model expansion 

Using the standard multicover formula 



i^Q(z(q)) (27ri)2 ^ ^ '^^'^^ B 

we obtain for c = 1 the integer invariants in Tab. Here qy = zi — Z2 + . ■ ■ and q2 = Z2 + . ■ ■ ■ 
Again we have added a rational multiple of a closed-string period with leading behavior 
n = |iit2 + . • • to get invariants nrf^^d2 symmetric under the Z2 symmetry ti — )• ti+t2, ^2 
—t2', Qy — >• (lyQ2, Q2 " ^ Q2^ ■ This is the Weyl symmetry of a non-perturbative SU{2) gauge 
symmetry appearing in the type II compactification at the transition point |^, The 
domain wall is a singlet under this global symmetry as can be seen from the defining 
equation ( 3.91| ). 



For the candidate superpotentials W^"'^ £ = 1,2,3, which have an expansion in frac- 
tional powers qy^^^ with dy G Z, we did not find integral invariants with the multi-cover 



formula used in the other examples and in ref. [35[. It appears that only the numbers 
''T'dy,d2 ' Z'^y , with Z a small power of 3, are integral. The solution to this problem might 
require a shift of the open string mirror map or a refinement of the multi-cover formula. 
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24 


-292 


-3232 


259524 


3569704 


3569704 


259524 


-3232 


-292 


4 


112 


-1660 


-10996 


-4092 


13712184 


555071696 


1455120104 


555071696 


13712184 


5 


620 


-10768 


-42752 


383424 


-256440 


695568492 


74900481736 


418921719720 


418921719720 


6 


3732 


-75468 


-140150 


4170468 


6794752 


-464516720 


32227348614 


9235136625472 


97930146122188 


7 


24164 


-556600 


5648 


37548816 


24834800 


-2671560544 


-62352854944 


991475402468 


1066545645786456 


8 


164320 


-4256460 


7444296 


318651284 


-286806192 


-20467318044 


-282718652536 


-7115509903004 


-64593220192464 


9 


1162260 


-33442800 


114057840 


2622725460 


-7347237536 


-170307380384 


-1384203066912 


-28014543398208 


-915396773309428 



Table 6: Symmetric disc invariants for the on-shell superpotentials T4^("o) of the threefold 

IPl,l,2,2,2[8]. 

Extremal transition 

At the singular locus (j)"^ = 1 {z2 = j) there is an extremal transition to the mirror of 
the one-parameter model P^[2,4] Q. The large complex structure parameters z^^^ of the 
one-parameter model and the two-parameter model are related by 

zW = ^zi (3.106) 

To restrict the superpotential found in the two-parameter model to that of the one- 
parameter model we have to add as in ref. [^5[ an additional linear combination of bulk 
periods 

Ty("o)(y, = VF("o)(y, Z2) + 3Fi(y, Z2) + ^F2{y, Z2) (3.107) 

where (27ri)^ Fi = dp^dp^Bi^ii i2^\p^=Q and {2m)'^ F2 = i9p^i?|/i_i2||pj=o- We then obtain 

^(i,ao)(^(i)) ^ l4^°o(8^(i)^ 1) (3_io8) 

Using the Picard-Fuchs operator of the one-parameter model 

£(1) =e^- 8z(^)(40 + 1)(40 + 2)(40 + 3)(20 + 1) (3.109) 
with e = z(i)(9^(i) one obtains the inhomogeneous term 

£(i)H/(i.-o) = ^?l£i^ { 1 + 272z(i) + + 4925440(z(i))3 + ..\ (3.110) 

{2mY y 7 J 

For the integer invariants we expect the following relation 

3fc 

E47\Pi,i,2,2,2[8]) =4"«)(P5[2,4]). (3.111) 

1=0 

However such a relation only emerges after the addition of an additional bulk period, again 
as in ||3^ 

^(l,ao)(^(l)) ^ p^(i,«o)(_2(i)) _ ^ (3.112) 



-40- 



where {Inif F^^') = a2S|,(i)||p=o with /(^^ = (-4, -2 | 1, 1, 1, 1, 1, 1). The invariants of 
^(i:"o) aj-g given by 

nj,"°) = 384, 29288, 7651456, 2592654592, 989035688064, . . . (3.113) 

It would be interesting to also get a better understanding of the restriction of the super- 
potentials W^'^'^e = 1,2,3, to the one-parameter model. 



3.7 Degree 18 hypersurface in Fi, 2,3,3,9 

This is a three parameter Calabi-Yau manifold with the charge vectors of the GLSM given 
by [H: 
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The hypersurface constraint is 

P = + X2 + X3 + X4 + xl + ip xiX2X3XiX5 + (px\^xl + X xfx^ , (3.114) 

where Tp = z-^ ^^^^2 ^^^-^3 ^ — ^2 ^^^-^3 ^^'^ ^^"^ X = ^2 ^^^-^3 '^^^ orbifold group acts 
as Xi — )■ A^*"'' Xi with the weights 

Zg : 51 = (1,-1,0,0,0), Zg: 52 = (1,0, -1,0,0), : 53 = (1, 0, 0, -1, 0) , (3.115) 

with 1 = = A2 3- In this geometry we consider the set of curves 

C± = {xl = ±ixl , X5 = ±ixl , X2 = 0} , (3.116) 

with the identifications (+,+) ~ {—,—) and (+,— ) ~ (— ;+) for the possible choices of 
sign under the orbifold group. The divisor 

Q{V) = xl + ZAxl (3.117) 

leads by the now familiar steps to a GLSM for a K3 manifold with charges 
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where the moduli of the surface are related to that of the Calabi-Yau threefold by ui = 
— ^(1 — 2:4)^, U2 = Z2 and its = 23. The GLSM is again at a special codimension one locus 
in the moduli space, with the coefficient of the monomial x^x^ set to zero. The solution 

c 1 4c 3/2 

7r(ti) = - p^^-3|(tii,ti2,ti3; 2>0,0) = — \/^ + C'C^i (3.118) 
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Table 7: Disc invariants ■ nd^^d2.d3 for the on-shell superpotential of the threefold 

Pi, 2,3,3, 9[18]- 



vanishes at the critical locus ui = and integrates to the superpotential 

= B^i.pp^ {zi,Z2, zs; i, 0, 0) . (3.119) 

Using the multicover formula 

uoizi,)) - (2vr.)^A._l./.i,.2,.3 k2 (3.120) 



k odd di odd 
d2,3>0 



we obtain, for c = 1, the integer invariants in Tab. |^ 

The closed-string type II compactification has a non-perturbative enhanced gauge sym- 
metry with gauge group G = SU (3) at the special values t2 = ^3 = of the closed-string 
moduli. The monodromy around the special locus acts as 

mi: ti^ti + 2t2, t2 -t2, t3^t2 + ts, m2 : h ^ h, t2 ^2 + ^3, ^3 -^3, 

and generates the Weyl group of SU{3). The superpotential W'^^^ is a singlet under this 
group while the individual BPS states counted by the disc invariants are exchanged under 
the group action as mi : Ud^^diAs ~^ ^1-^1,2^1-^2+^3,^3 and m2 : ^^^,^2,^3 nd^^d^^d^-d^ 

The off-shell superpotentials are solutions of the following extended hypergeometric 



- 42 - 



system 



A = {02 - Oi){e2 - 203) - Z2{2ei - 262 + 03 - l)(20i - 202 + 63) , 

C2 = 93(261 - 202 + 63) - Z3(B2 - 203 - l){e2 - 263) , 

£3 = 03(02 - ^l) - ^2^3(201 - 292 + e3){e2 " 2^3) , (3.121) 

£4 = [01 + dy){ei - dy){29i - 292 + ^3) 

- 24zi(6^i + l){Q9i + 5)((4Z2 - 1)^1 + (3Z2Z3 - 4^2 + 1)^2 + (2^2 - 6Z2^3)^3) , 

£5 = + dy){9i - dy){92 - 263) - 8ziZ2(60i + 5)(60i + 2,){G9i + 1) , 

U=dy{9l+dy)+eydy{9l-dy), 

where y = log (24). 

To compute the inhomogeneous terms we note that the above differential operators 
are related to that of the Calabi-Yau threefold derived in [^] as 

Ca = , a = 1, 2, 3 , 

£4 = £f - (201 - 292 + 93)9l , (3.122) 
£5 = 4''"' - {92 - 203)91 . 

to obtain from ( ^.1181 ) 

= ^4^, £^«''=iy(±) = 0, a = 1,2,3,5. (3.123) 



vr 



Note that -^/zi = tp~^<p is a rational function in terms of Tp and (j) appearing in the hyper- 
surface equation ( |3.114 ). The appearance of the square root is related to the non-trivial 
Greene-Plesser orbifold action on the defining equations (3.116) for the curves C±. 

As in the previous examples one may study the relation of the above brane geometry to 
(two and) one parameter configurations in a certain limit in the moduli. For 2:2 = -23 = the 



geometry approximates the non-compact Calabi-Yau of degree six discussed in App. |A.2 
explaining the relation 0,0 = ''^i^' between the invariants in Tab. |^ and Tab. 10. 



At the point t2 = ^3 = of SU (3) gauge enhancement there is a transition to the one 
modulus Calabi-Yau IPi,i,i,i,2,3[3, 6] [Q, leading to the prediction 



^nfe,ij(Pi,2,3,3,9[18]) = nfc(Pi,i,i,i,2,3[6,3]) , 

where the first numbers are 
1 

— nfc = 3, 735, 1791060, 6117294147, 25579918417320. (3.124) 
16 

The superpotential of the one parameter model is the solution of the inhomogeneous Picard- 
Fuchs equation 

j.buik^ = 777^ \/^, 'C''"''^ = 9t- 36zi(30i + l){39i + 2) (6^1 + 5)(60i + 1) . 
(27r?)^ 
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3.8 Degree 12 hypersurface in Pi, 2,3,3.3 

This example is very similar to the hypersurface in Pi, 2, 3, 3, 9 studied above. The charge 
vectors of the GLSM given by |53]: 
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The hypersurface constraint is 

-P = + X2 + X3 + X4 + x| + V X1X2X3X4X5 + <f> xf X2 + X x\x\ , 



(3.125) 



-1/4 -1/3 -1/6 



where ip 

as Xi — )• A?*'' Xj with the weights 



-2/3 -1/3 



and X 



-1/3 -2/3 



. The orbifold group acts 



Ze : 51 = (1,-1,0,0,0), Z4 : 52 = (1,0,-1,0,0), Z4 : 53 = (1, 0, 0, -1, 0) , (3.126) 
with 1 = A]" = A^g. In this geometry we consider the set of curves 

„2 I -2 



C± = {x'i = ±ixl , X5 = ±ixt , X2 = 0} , (3.127) 

~ (— ,+) for the possible choices of 



with the identifications (+,+) ~ (— ,— ) and (+,— ) ~ 
sign under the orbifold group. The divisor 

Q{V) = x| + Z4X| 

leads by the now familiar steps to a GLSM for a K3 manifold with charges 



(3.128) 






1 


2 


4 


5 


6 


7 


[1 


-4 


-1 





2 


1 


2 










1 











-2 


1 


P 








1 








1 


-2 



where the moduli of the surface are related to that of the Calabi-Yau threefold by ui = 
— 1^(1 — 24)^, U2 = Z2 and M3 = Z3. The GLSM is again at a special co-dimension one locus 
in the moduli space. The solution 

c . „ 2c 

vanishes at the critical locus ui = and integrates to the superpotential 

c 



(3.129) 



W^^^ =T^B{iippy (zi,Z2,^3;iO,0) 



(3.130) 



Using the multicover formula (3.120) we obtain, for c = 1 the integer invariants in Tab. |8|. 

The closed-string type II compactification has a non-perturbative enhanced gauge sym- 
metry with gauge group G = SU{3) at t2 = ^3 = 0. The monodromy around this special 
locus acts as 



mi : ti ^ ti, t2 



-i2, ^3 — ^ ^2 + ^3, 



1712 : ti^ti + ts, t2^t2 + ts, is 
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Table 8: Disc invariants | • ndi,d2,d3 for the on-shell superpotential W^~^^ of the threefold 

Pi, 2,3,3, 3[12]- 



and generates the Wcyl group of SU{3). The superpotential W^^'^ is a singlet under this 
group while the individual BPS states counted by the disc invariants are exchanged under 

the group action as mi : nd^^d2,di "-di,-d2+<i3,rf3 and m2 : ridi^^Ai ^ "-^1,^2,^1+^2-^3- 

The off-shell superpotentials are solutions of the following extended hypergeometric 
system 

JCi = [02 - ^i)(^2 - 2^3) - ^2(2^1 - 202 + ^3 - l)(20i - 2^2 + ^3) , 
C2 = 03(261 - 202 + 63) - zz{92 - 203 - 1)(02 - 2^3) , 

£3 = 03(62 - 61) - Z2Z3(2ei - 202 + 03)(^2 - 2^3) , (3.131) 
A = (^1 + dy)(9i - dy)(2ei - 292 + 93) 

- 8zi(40i + 3)(40i + l)((4z2 - 1)01 + (3z2^3 - 4z2 + 1)^2 - (622^3 - 222)^3) , 
= (91 + dy){9i - dy){92 - 293) - 4^1^2(401 + 3)(40i + 2)(Wi + 1) , 

A = dy(9l + dy) + eydy(9l " Oy) , 
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where y = log (2:4). 

To compute the inhomogeneous terms we note that the above differential operators 
are related to that of the Calabi-Yau threefold as 

£-a = J^a ) a = 1, 2, 3 , 

£4 = Cbui'' - (291 - 202 + 93)91 , (3.132) 
£5 = Cl^'" - [02 - 29^)91 . 



Then we obtain from eq. ( 3.129 ) 



^buik^{±) _ ^^^''^VF^^) =0, a = 1,2,3,5, (3.133) 

where, similarly as in the previous example, = ip~'^(l) is a rational function in if) and 
(/>, and the appearance of the square root is related to the non-trivial action of the Greene- 
Plesser orbifold group on the defining equations for the curves C±. 

In the limit Z2 = -23 = we can again make contact with a non-compact Calabi-Yau. 
Here it is the degree four hypersurface discussed in App. |A.2 . This explains the relation 
'^fc.o.o = "i^k between the invariants in Tab. ^ and Tab. 

At the point t2 = ^3 = of SU (3) gauge enhancement there is a transition to the one 
modulus Calabi-Yau Pi^i^i^i^i^2 [3, 4] |Q, leading to the prediction ^- nj!c^jj(Pi_2,3,3,3 [12]) = 
'^fc (1^1,1,1,1,1,2 [3, 4]) , with the first invariants being 

infc= 3, 87, 33252, 16628907, 10149908544, 6979959014559,5196581251886028. (3.134) 

8 

The superpotential is a solution of the inhomogeneous Picard-Fuchs equation of the one 
modulus problem 

j^huik^ ^ _ 3 ^^^ik ^ ^4 _ ^2^^ ^3^^ ^ -^^p^^ ^ 2) (4^1 + l){A9i + 3) . 

4. Conclusions and outlook 

In this work we studied off-shell brane superpotentials for four-dimensional type II/F-theory 
compactifications depending on several open-closed deformations as well as their specializa- 
tion to the on-shell values in the open-string direction. Mathematically the two potentials 
are respectively related to the integral period integrals on the (relative) cohomology group 
defined by the family of branes |P, |7[ [l^, |l^, 17, 20, 26|, which depend on both open and 



closed deformations, and the so-called normal functions, depending only on closed-string 
moduli [35, 13]. Both objects can be studied Hodge theoretically by computing the vari- 



ation of Hodge structure on the relevant (co-)homology fibers over the open-closed-string 
deformation space M.. Ultimately, this determines the superpotential as a particular solu- 
tion of a system of generalized GKZ type differential equations determined by the integral 
(relative) homology class of the brane. 

The D-brane superpotentials computed in this way are relevant in different contexts. 
From the phenomenological point of view, the superpotential determines the vacuum struc- 
ture of four-dimensional F-theory compactifications. The complicated structure of the 
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superpotential for this class of compactifications, described by infinite generalized hyper- 
geometric series, should be contrasted with the simple structure of F-theory superpotentials 
in other classes of compactifications, as e.g. in refs. |54, 55|. These hyper geometric series 
have sometimes a dual interpretation as D-instanton corrections and heterotic world-sheet 
corrections |27], and the rich structure of non-perturbative corrections to the brane super- 
potential should lead to interesting hierarchies of masses and couplings in the low-energy 
effective theory. 

As shown in ref. [27|, the solutions to the generalized GKZ system representing the 
F-theory superpotential do not only capture the superpotentials of dual Calabi-Yau three- 
fold compactifications, but more generally of type II and heterotic compactifications on 
generalized Calabi-Yau manifolds of complex dimension three. This offers a powerful 
tool to study more generally the vacuum structure of phenomenologically interesting F- 
theory/type Il/heterotic compactifications. It would be interesting to apply the Hodge 
theoretic approach described in this paper to examples of phenomenologically motivated 
F-theory scenarios, as described e.g. in refs. [57, 58, ^].^^ In the search for vacua, the 
step of passing from relative periods depending on open and closed-string deformations to 
normal functions depending only on closed-string moduli provides a natural split in the 
minimization process, which should be helpful in a regime of small string coupling. On the 
other hand, this distinction between closed and open-string moduli disappears away from 
this decoupling limit, for finite string coupling, where the two types of fields mix in a way 
determined by a certain degeneration of the F-theory fourfold described in |17, p^ j. 

A complementary aspect of the B-type superpotentials considered in this paper is the 
prediction of A model disc invariants by open-closed mirror symmetry. For almost flat 
open-string directions (characterized by a generalized large complex structure point in the 
open-closed deformation space ^), already the off-shell superpotential computed by 
the relative period integral has an A model expansion in closed- and open-string parameters, 
leading to predictions for integral Ooguri-Vafa invariants 30, 26, 27]. In the present 
work we instead concentrated on the critical points of the type studied in refs. |l 



13 



14, 33, 34, 31 1, where the A model expansion emerges only after integrating out the open- 



string directions. The on-shell computations of refs. |l^, 14 1 are conceptually well 
understood and provided the first examples of open-string mirror symmetry in compact 
Calabi-Yau. Our main motivation to study the type of critical points accessible also in 
the on-shell formalism was to gain a better understanding of the minimization in the open- 
string direction, which relates the on-shell computation to the off-shell framework of refs. 
1^, |l5|, 16, 17]. On the B model side, the relation is provided by the connection between 
integral relative period integrals and normal functions described in sect. |2|. An important 
datum in this correspondence is the period vector on the surface, that is the brane 4- 
cycle. It classifies the D-brane vacua by the vanishing condition (2.7) and determines the 
inhomogeneous term in the Picard-Fuchs equation for the normal function. 

In the relative cohomology approach of refs. |^, |l5|, 16, 17], the open-string de- 

^^The first examples of dual compactifications of this type were given in ref. |^^. See also refs. ]^, |5^ 
for related works and examples. 



23 



See also ref. |60|, for a recent review on this subject, and further references therein. 
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formations are off-shell yet one avoids working in string field theory by perturbing the 
unobstructed F-theory moduli space associated with the family of surfaces P by a probe 
brane representing an element in H2{T>). This leads to well-defined finite dimensional off- 
shell deformation spaces associated with a particular parametrization by 'light' fields in the 
superpotential. The parametrization of off-shell deformations is adapted to the topological 
string and leads to a definition of off-shell mirror maps and off-shell invariants consistent 



with expectations. By the general arguments of sect. 2.2, different parametrizations are 
bound to fit together in an consistent way, as is explicitly demonstrated in some of the exam- 
ples, where we parametrized the off-shell superpotentials by different choices of open-string 
deformation parameters. This means starting from a given supersymmetric configuration, 
we compare different off-shell deformation directions in the infinite-dimensional open-closed 
deformation space, and we find that the obtained on-shell tensions are independent from 
the chosen off-shell directions. This is a gratifying result as the on-shell domain wall 
tensions should not depend on the details of integrating out the heavy modes. 

The relative cohomology approach to open-closed deformations has successfully passed 



other non-trivial checks 3f ]. In leading order the computed off-shell superpotentials are 
compatible with derivations of effective superpotentials using open-string worldsheet and 
matrix factorization techniques 64, 66, 67]. Beyond leading order, however, 



the discussed off-shell superpotentials predict in the context of type II theories higher order 
open-closed CFT correlators, which (at present) are difficult to compute by other means. 

There are many other open questions that need further exploration. For examples 
with a single open-string deformation a detailed analysis of the Hodge structure of the 
K3 surface, equivalent to the subsystem defined by the Hodge structure on the surface P, 
might be rewarding. In this work we explained how the analyzed supersymmetric domain 
wall tensions arise at enhancement points of the Picard lattice in the K3 moduli space. The 
leading term of the K3 periods near these specially symmetric points is a rational function 



in the deformations z and the roots a of the defining equation. As argued in sect. 3.1 
the global symmetry seems to be related to the discrete symmetry in the A-type brane in 
the mirror ^-model configuration. It would be interesting to study in detail the structure 
of Picard lattice enhancement loci in order to systematically explore the web of A/" = 1 
domain wall tensions in Calabi-Yau threefolds. Such an analysis potentially sheds light on 
the global structure of = 1 superpotentials (see e.g. refs. IHM]), and should be related to 



the wall-crossing phenomena described in refs. |69, 70, 71]. 

In this work we have focused on a single open-string deformation. Then the subsys- 
tem of the extended hypergeometric GKZ system, which governs the open deformations, 
describes the periods of an isogenic K3 surface. The presented techniques are directly appli- 
cable also to examples with several open deformations ]|72| . Then the subsystem geometry 
is not anymore governed by K3 periods but instead by the periods of a complex surface of a 
higher geometric genus. Exploring such examples is technically more challenging but new 
phenomena and interesting structures, like non-commutativity in the open-string sector, 
are likely to emerge. A related question in this context is the contribution from D-instanton 



*See ref. for an earlier example of this kind. 



-48- 



corrections, which are also computed by GKZ system for the F-theory compactification p7| . 
It would be very interesting to connect these results to the recent progress in computing 
D-brane instantons by different methods |73, 74, 76, 77 1. 
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A. Appendix 

A.l Toric hypersurfaces for type II and F-theory compact ificat ions 

In the framework of llO] a mirror pair {X*,X) of Calabi-Yau threefolds is given as a pair 



of hypersurfaces defined in two toric ambient spaces (V* , V) as follows. The toric varieties 
{V*,V) are associated to the fans (S(A*),S(A)) obtained from the set of cones over the 
faces of two dual reflexive polyhedra (A*, A). The polyhedron A* is the convex hull of p 
integral points f * G G lying in a hyperplane of distance one to the origin and A is 
the dual polyhedron with integral points Vi. The mirror 3- folds X are defined in V as the 
zero locus of the hypersurface constraint 



p-i 

1=0 k=l 



Here the X^, k = 1, . . . , 4 are coordinates on an open torus (C*)^ C V and aj are complex 
parameters which determine the complex structure of X. Alternatively, one may write the 
hypersurface in homogeneous coordinates Xj on the toric ambient space as 



i=0 



Keeping only the coordinates Xi associated with the vertices of A in the product on the 
right hand side, one obtains the simplified expression used in the text, e.g. eq.( |3.2| ) in the 
first example. 

The integral points of A* fulfill a set of linear relations Y^^=o ^i^t ~ specified by 
M = h^^'^\X*) = h^'^'^\X) vectors a = 1,...,M with integral entries, given e.g. in 



(3.1) for the first example. The vectors l'^ represent the U{1) charges of the two-dimensional 
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fields in the GLSM associated to X |78]. The first index i = refers to the single interior 
point of A, which corresponds to the distinguished field of negative charge that multiplies 
the hypersurface constraint in the two dimensional superpotential. 

The open-string sector for the compactification with B-type branes on X is captured 
by the family of hypersurfaces P defined as the complete intersections T> : {P{X) = 
0} n {QiV) = 0} in y |, |, [l^, |0|. Locally, one may write Q{D) as 

p+p'-i 

Q{V)= ^ a,X'^'\ (A.2) 

i=p 

where the right hand side defines p' additional (not necessarily integral) vertices v* associ- 
ated with the monomials in QiT)). The coefficients Oj, i'> p are complex parameters of a 
family of embeddings T> ^ X for a fixed set of monomials in Q{T)) and determine a point 
on the fiber M of the deformation space 

M{z) > M Mcs{z) ■ (A.3) 

The combined data for the closed and the open-string sector can be expressed in terms 
of extended vertices which makes contact to the F-theory compactification on a fourfold 



dual to the brane geometry 20, 26, B7|. To this end, consider the set of extended vertices 




0,...,p-l 
p,...,p + p' 



which determine the (ordered) monomials in (A.l) and ( [A. 2D . Define the set L = {/} as 
the set of solutions to the equations 

p+p'—i p— 1 p+p' —I 

i=0 i=0 i=p 

At this point, the i>\ for i'>p are defined only up to an overall shift Vi — )• i/* -|- (/x, 0) 
for a constant four- vector /x (corresponding to multiplication of Q by an overall factor), 
but this shift is not relevant in ( [A .41 ) because of the last condition. For the generators of 
L one may choose the charge vectors of the closed-string GLSM extended by p' zeros to 
the left and in addition p' — 1 vectors describing relations between the monomials in Q{'D) 
and those in P. 

f(/",0,...,0) i = l,...,M , ^ 

j^a _ )\- ^ 1 ^ ' (A 5) 

\(...) a = M + l,...,M +p' -I ■ 

From these vectors one obtains the parameters 

= (-)^«n«f ' a = 1, (A.6) 

i 

invariant under the torus action. For a < h'^'^{X), these are the coordinates on the base 
Aics and the Za for a > /i^'^(X) describe open-string deformations. If the vertices 
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satisfy appropriate extra conditions discussed in 26], the Za define local coordinates 

near an open-string generalization of a large complex structure point V m M, where the 
superpotential has an A model expansion in Ooguri-Vafa invariants . 

The extended vertices for the brane geometry on the threefold X define an ex- 
tended polyhedron A* of one dimension higher, which can be associated to mirror pair of 
non-compact Calabi-Yau fourfolds {Xl'^X^) ||6|, ^, |2^. M/F-theory compactification 
on gives a dual compactification without branes but with flux, related to the brane 



compactification on the threefold X by open-closed duality 17, |^]. Under duality, the 
RR brane (and flux) superpotential on the threefold X maps to the leading order term of 
the GVW superpotential on X^ in the expansion (^) in gg, that is 

Wcvwixi) = Y,Nj:{G)n^{z,z) . (A.7) 
s 

This open-closed duality at = extends to a full string duality between the brane 



compactiflcation on X and F-theory compactiflcation on a compact fourfold [17, 27|. 
The details of the compactification capture the coupling of the brane to the global geometry 
and affect only the higher order terms in Qs, but not the disc invariants. 

We hence restrict to report the polyhedra for the non-compact 4-folds x| below, which 
determine the leading order superpotential by eq. (A.7). In the following table we collect 



the (extended) points u^, for the brane geometry in the examples and the dual vertices Vi 



defining the homogeneous coordinates used in the text via eq. (AT). The points z/* for the 



threefold X are given by the subset of the with vanishing last entry, z^* = (t'*,0). 
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Pl,2,2,3,4[12] 



^1(2^2) 
Pl,2,2,2,7[14] 



Pl,l,l,6,9[18] 



X\{D) 

Pl,l,l,3,3[9] 



Pl,l,2,2,6[12] 



xl{v) 

Pl,l,2,2,2[8] 





A*{XI) D A*{X) 




A{X*) 




v\ = 


; 2, 2, 3, 4 


o: 


2^1 = ( 


1 

^: 


1 

-Lj 


1 

L , 


1) 


i>*2 = 


0, 0, 


0^ 


2^2 = (- 


K 


1 

-L, 


1 

± , 


1) 




: 0,-1, 0, 




2^3 = ( 


1 

-L, 


c 


1 


1) 


V*4 = 


: 0, 0,-1, 




2^4 = ( 


1 

-Lj 


1 

1 , 


•J, 


1) 


i>*5 = 


; 0, 0, 0,-1 




2^5 = ( 


1 

J-) 


1 


1 _ 

J-, 


-2) 


i>\ = 


[ 1, 1, 1, 2 










9*T= K;l), z/*8 = K;i) 










9*T= K;l), z/*8 = K;i) 










u\ = 


; 2, 2, 2, 7 


o; 


Ui = ( 


1 


]^ 


1 

J^, 


1) 


V 2 — 


;-i, 0, 0, 


o; 


2^2 = (- 


o, 


1 

■•■) 


1 

J^! 


1) 


3 — 


0,-1, 0, 





2^3 = ( 


1 

J-) 




1 

J-, 


1) 


V 4 — 


; 0, 0,-1, 


0, 


V4 = ( 


1 


1 

J^, 


D, 


1) 


v% = 


: 0, 0, 0,-1 




2^5 = ( 


1 

J-) 


1 

J-j 


1 

J^, - 


-1) 


i>% = 


; 1, 1, 1, 3 


Si 








9*7 = 












9*r = (2^5*; i)> = 1) 










9*1 = 


: 1, 1, 6, 9 


o: 


Vl = ( 


1, 


1, 


1, 


I) 


9*2 = 


;-i, 0, 0, 




2^2 =(- 


17, 


1, 


1, 


1 \ 


1^*3 = 


: 0,-1, 0, 


Si 


2^3 =( 


1,- 


-17, 


1, 


^) 


9*4 = 


; 0, 0,-1, 


o; 


Ui = ( 


1, 


1,- 


-2, 


1\ 




0, 0, 0,-1 





1^5 = ( 


1 


1 


1 - 


-1! 




[ 0, 0, 2, 3 


o; 












9*T= K;l), z/*8 = K;i) 










9*1 = 


0, 1, 1 


o: 


Ul = (- 


-6, 


3, 


1, 


I) 


V 2 — 


: 0,-1, 1, 1 


o; 


2^2 = ( 


3, 


-6, 


1, 


i\ 


2^ 3 — 


1, 1, 1, 1 





2^3 = ( 


3, 


3, 


1, 


ij 


V 4 — 


; 0, 0,-1, 


0, 


V4 = ( 


0, 


0,- 


-2, 




y\ = 


; 0, 0, 0,-1 




V5 = ( 


0, 


0, 


1 - 




i>\ = 


[ 0, 0, 1, 1 


Si 








9*7= K;l), z/*8 = K;i) 










9*1 = 


; 1, 2, 2, 6 


o: 


Vl = ( 


1, 


-1 

i, 


1, 


I) 


9*2 ^ 


-1, 0, 0, 




2^2 =(- 


11, 


1, 


1. 




1^*3 = 


; 0,-1. 0. 


Si 


2^3 = ( 


1, 


-5, 


1,' 


iV 


V 4 = 


' 0. 0,-1, 




1/4 = ( 


1, 


1,- 


-5, 




5 — 


0, 0, 0,-1 




2^5 = ( 


1, 


1, 


1, - 


-1 


2^ 6 — 


; 0, 1, 1, 3 


0, 












9*7=iu^;l), z/*8 = (0,0,0,0;l) 










P*i = 


; 1, 2, 2, 2 


o; 


2^1 - ( 


1, 


1, 


1, 


1) 


9*2 = 


:-l, 0, 0, 


o; 


2^2 = (- 


-7, 


1. 


1, 


1) 


V*3 = 


' O.-l. 0. 


o; 


2^3 = ( 


1, 


-3, 


1, 


1) 


V*4 ^ 


; 0, 0,-1, 


o; 


Z/4 = ( 


1, 


1,- 


-3, 




2^*5 = 


0, 0, 0,-1 




t's = ( 


1, 


1, 


1,- 




2^*6 = 


[ 0, 1, 1, 1 


0. 












i?*7 = (2^5*; 1), 2?*8 = (0,0,0,0;1) 
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A*(xh D A* fx) 






IPl,2,3,3,9[18] 


v\ = 


(2,3,3,9;0) 


v\ = 


(1,1,1,1) 




v\ = 


(-1,0,0,0;0) 


V2 = 


;-8, 1,1,1) 




V z — 


0,-l,0,0;0 


V3 — 


1,-5,1,1) 




4 — 


(0,0,-l,0;0 


Vi — 


1,1,-5,1 




5 — 


(0,0,0,-l;0) 


— 


.1,1,1,-1) 




6 — 


(1,2,2,6;0) 








y 1 — 


(0, 1, 1,3:0) 






xl{v) 














f2 3 3 3-0") 


ly-i = 


fl 1 1 1) 


I' 2 — 


(-1,0,0,0;0) 




:-5, 1,1,1) 




V 3 — 


(0,-l,0,0;0) 


vz = 


:i,-3,i,i 




V 4 — 


(0,0,-l,0;0 


Va = 


1,1,-3,1 




5 — 


(0,0,0,-l;0) 




;i,i,i,-3) 






(1,2,2,2;0) 








(0,1,1,1;0) 






xl{v) 


v\ = 


K;l), v\ = {v\-\) 







Table 9: Vertices of the toric polyhedra for the threefolds for type II compactifieation and the 
non-compact hmit of the F-theory fourfolds. 

A. 2 From three-chains to Abel-Jacobi maps on the elhptic curve 

In some of the examples considered in sect. 3, the domain wall tensions can be directly 
related to the Abel-Jacobi map on an elliptic curve in a certain limit in the moduli. This 
gives a check on the normalization obtained from the geometric surface periods. To this 
end, we consider the non-compact Calabi-Yau manifolds of ref. 

iP|,2,i,i,-i [6] : P = yl + yl + yl + yl + \ + i^ 2/12/22/32/4^5 , z = i^-\ 

2/5 

^2,1,1,1,-1 [4] : P = yl + y^ + yi + yl + \ + ^ 2/12/22/32/42/5 , ^ = ^"S (A.8) 

2/5 

IPti,i,i.-i[3] : = 2/? + 2/i + 2/i + 2/1 + ^ + ^ 2/12/22/32/42/5 , ^ = V'"^ • 
' ' ' ^ 2/5 

The closed-string periods on the non-compact threefolds are solutions of the Picard-Fuchs 
operators 

&'^=6^\-z)-e, (A.9) 

where £^^(z) denote the Picard-Fuchs operators for the representations of the elliptic 
curve E 

12z(66l + 5)(66l + l), 

4z(40 + 3)(40 + l), (A.IO) 
2,z{'ie + l){2,e + 2) , 

is given by the restriction to {y^y^)^ = — 1 



P3,2,i[6]: Cl\z)=d^- 
P2,i,i[4] : C^^\z)=9^- 
Fi,i,i[3] : £f (z) =02_ 

with 9 = z4^. The equation for the elliptic curve 
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k 


[61 


[4] 


[3] 
k 


1 


16 


8 


2 


3 


-432 


-24 


-2 


5 


45 440 


320 


10 


7 


-7212 912 


-6 776 


-84 


9 


1393 829 856 


175 536 


858 


11 


-302 514 737 008 


-5 123 448 


-9 878 


13 


70 891 369116 256 


181 777 200 


123 110 


15 


-17 542 233 743 427 360 


-5 401 143 120 


-1622 890 


17 


4 520 954 871 206 554 016 


187 981 969 232 


22 308 658 


19 


-1 202 427 473 254 100 406 128 


-6 756 734 860 408 


-316 775 410 


21 


327 947 495 234 600 477 004 048 


249179 670 525 576 


4 616 037 426 


23 


-91 298 034 448 725 882 319 078 384 


-9 384 048 140 182 200 


-68 700 458 258 



Table 10: Disc invariants for the on-shell superpotentials Winst = jTlnst for the non-compact 
hypersurfaces of degree d = 6, 4, 3. 



in ( |A.8|) .^^ Eq. (|A.9|) implies the relation 27riOIli{z) = ^^{—z) between the periods Tli{z) 
of the non-compact threefold and the periods 7r(z) on the elliptic curve. 
A similar relation 

2meT{z) = T{-z), (A.ll) 

holds for the chain integrals between the domain wall tension T of the non-compact three- 
fold and the line integral r of the associated elliptic curve E. They fulfill the inhomogeneous 
differential equation 

&^T{z) = -r^^z , S^\z)r{z) = -—V~z , (A.12) 

in terms of the constants c'"' 

S = 16 , cW = 8 , S = 2 , (A. 13) 

which determine the normalization of the of the domain wall tension T. Then the domain 
wall tensions T, which are now solutions to the normalized inhomogeneous Picard-Fuchs 
equations ( A.12| ), contains the quantum instanton contribution Tinstj which starts as 



26 



and yields for the three geometries ( |A.q ) the normalized disc invariants in Tab. |10. 

The normalization constants ct"' are determined by requiring integrality of the mon- 
odromy matrices with respect to the singularities of the moduli space of the extended 
period vector. The extended period vector consists of the bulk periods 11 and the domain 
wall tension T. Alternatively, the constants ct"! can be determined by directly evaluating 
the line integral r on the curve E and by exploiting its relation to the 3-chain integral T 
according to eq. ( [A.lll) . In the following we exemplify the two approaches for the non- 
compact sextic threefold ( [A.^ ) to determine the normalization constant c'^^ . The other two 
normalization constants c^^' and c'^^ are obtained analogously. 



25t 



Keeping the convention eq. (2.22), the algebraic modulus of the Calabi-Yau manifold and the curve 



differ by a minus sign, as indicated in eq. (A^) and below 

^®Here we list the integral disc instanton n 
^Keai ^ factor 2, i.e. nj!^' = 2 



^^Ifere we list the integral disc instanton numbers wj."'. These invariants are related to the real invariants 
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The moduli space of the non-compact sextic threefold (|A.8| ) exhibits three singularities 
z = 0, z = —452; s-'^cl z = 00, which correspond to a large radius, a conifold, and a orbifold 
point of the moduli space. In the vicinity of the large radius point \z\ < ^ a complete set 
of solutions to the Picard-Fuchs operator £[^1 is given by 

Uo{z) =1 , 

n.(.) =i(.og.)^ + g S(I|W ■ 4^ ^ - ^ + 

-^'(fc + 1) - 2^{2k + 1) - 3^(3A: + 1) 

in terms of the Polygamma function ^. Together with the solution T to the inhomogeneous 
Picard-Fuchs equation C^^'^Tiz) ~ y/z 

f{z) = -V^ V , ^(^^ + , ^{-z)^ , (A.15) 



they form the extended period vector 11 = ^XIq, Hi, 112, Tj . For this vector we determine 

the large radius monodromy matrix Mlr. Furthermore, by analytically continuation with 
the help of Barnes integrals to the other singular points in the moduli space we also infer the 
conifold and orbifold monodromy matrices M^on and Moj-b- Next we perform a change of 
basis to the integral extended period vector 11 = (Ho, Hi, 112, T) by demanding integrality 
of all the monodromy matrices. For the bulk sector these steps can be found in detail in 
ref . . In addition to integrality of the monodromy matrices we require that the domain 
wall tension T vanishes at 2; = 00. The latter condition arises because the domain wall 
tension T interpolates between two supersymmetric vacua that coincide at the orbifold 
point. After these steps we finally arrive at the integral periods 

Yio{z) = no(z) = 1 , 

ni(^) = ^ni(z) = t{z) , 

n2(^) = (^n2(.) - ^n,(.) - ^M^) = \t{zf - \t{z) - 1 + n,.,(^) , ^""-''^ 

32- 1~ 1~ 1 1 

Here we also exhibit the classical terms in terms of the flat coordinate t and the instanton 
contributions Ilinst and Tinst- In particular the normalized domain wall tension yields the 
normalized instanton contribution 



^ , , 16 / ^ 512 229 376 

instv ; 27r2 V 9 25 
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and hence the normahzation constant c'^^ = 16 in eq. ( A.13| ). The integral monodromy 
matrices in the integral basis ( A.16| ) are then given by 



/l o\ 
110 
110 

\0 -1 0-1/ 



/l o\ 
1110 
10 

\0 1/ 



Morb 



/l o\ 
0-10 
110 

\o -1 0-iy 



with MconMorb = Mlr. 

As an independent calculation to determine normalized domain wall tensions we now 
directly reduce the three-chain integrals of the domain wall tensions between the curves 
^e± of ( |3-31 ) to line integrals on the elliptic curve E. In order to evaluate the chain 
integrals we first change to the inhomogeneous coordinate a,y, zi, Z2, which are suitable to 
evaluate the chain integrals 



1 7 3 
2/1 = 2/- -i^aziZ2 



2/2 



-azf 



2/3 



-IZl 



2/4 



-iZ2 , 2/5 



1 



In terms of these coordinates the hypersurface equation ( [A.8| ) of the non-compact sextic 
Calabi-Yau threefold becomes 



V 



1 



.1 ( l + a^ + -(V<Z2^ ) +(^2 -1) , 



while the holomorphic three form reads 



zf da dzi dz2 



{2mf 



2Jzl{l + a^ + \{i^afzi)+{zl-l) 



We can think of this geometry as a complex surface given in terms of the coordinates zi 
and Z2 fibered over a base parametrized by the affine coordinate a. Furthermore, in 
these coordinates the curves C\ ^ are given by^^ 



zi 



I Z2 , az2 



iKy eiip , e = -tpaz-^ + y 



The goal is now to evaluate the domain wall tensions 



where we consider the two three chains Fi and r2 bounded by 

9^1 = C'+j,+i — C-i-i , dT2 = C^i^j^i — C-i-i . 

As we will see in the calculation the domain wall tensions for the remaining combinations of 
curves do not yield independent results. The steps to reduce the three dimensional integral 



For ease of notation we have chosen here the exphcit root t] = i for r/ = — 1 in eq. (3.31) 
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to a line integral over the base are worked out and explained in detail in ref. |48|. 
Therefore for completeness we merely sketch the necessary steps here. 

Instead of calculating the domain wall tension, it is easier to derive the line integral r 
of eq. ( [A.ll| ). With z = ijj'^ we get 



Ti{-z) =2meTi{il){z)) = — V' — 

6 dip 



(27ri)2 



da dz2 dzi - — 
r, dz2 



2Jzf(l + a^ + l{i^ayzl) + {zl-l) 



The simplification occurs because for the integrand the derivative with respect to ip is 
equivalent to the derivative with respect to Z2- Then the integral over Z2 becomes trivial. 
We now evaluate the integral over the coordinate zi along a closed contour encircling the 
six branch points of the square root. Next we integrate the coordinate Z2 along the interval 
from Z2 = 1 to ^2 = — 1 to arrive at i4S 



/ ^ 27ri / 



ip Z2 da 



y 2^1 + a3 + i(V22)2a2 



ip Z2 da 



Z2 = l 



2Jl + a3 + ife)2a2 



22=-l/ 



(A.17) 

Note that the performed integration is equivalent to the integration over a homology 2- 
sphere, as the contour in the zi coordinate can be shrunk to a point at the endpoints 
Z2 = ±1 of the interval. 

If we now carry out the remaining integral ( [A.17 ) over a along a closed contour encir- 
cling the two branch points with leading behavior ~ ip~'^ for large ip, we integrate over a 
one cycle of the elliptic curve E and obtain the fundamental period of the elliptic curve 

TTo{-z) = 2Fi(i |; 1; -432z) = 1 - 60z + 13 8602^ - . . . . 



If, instead, we reduce the three chains Fi and r2 to line integrals over a in eq. ( A.17] ), we 
need to evaluate the integrals 



ri(-z 



T2(-Z 




ip da 



-Vi' 

^ 2^1 + a3 + iV)2a2 
ipda 

2^1 + a3 + i^2„2 



+ 



+ 



tp da 



-W^ 2^1 + a3 + iV^a2^ 
^ iPda 



(A.18) 



Here the integration boundaries for a are determined by requiring that the coordinates 
{z2 = =bl,a) associated to the endpoints of the line integral correspond to a point on the 
appropriate curve C^^. 



^*Similarly as for the examples discussed in ref. 
acting on the three chain Fi. 



there is no contribution from the derivative -i 
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While the hne integral ( A.18| ) trivially vanishes for namely T2{—z) = 
the integral over Fi and arrive at 

r{-z) = n(-z) = 1^ 3^2(1, 1, 1; 1 1; -432z) - ivro(-z) 



0, we evaluate 



(A.19) 



The resulting domain wall tension t(— z) = 27riOT{z) is in agreement with the result in 
eq. ( |A.16 ) and in eq. ( A.12| ) together with the normalization c^^l = 16 of eq. ( A.13| ). 
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